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Abstract—This paper addresses distributed adaptive consensus
control of general linear multiagent systems (MASs) under event-
triggered sampling mechanism. We propose a novel edge-based
method in which, for each communication link, an adaptive
coupling gain channel and a sampling triggering function are
co-designed. The benefits are that the proposed method requires
neither the global knowledge of the network eigenvalues for gain
selection, nor continuously state sampling for control.

Index Terms—distributed control, consensus, adaptive control,
event-triggered control

I. INTRODUCTION

Consensus of multiagent systems (MASs) serves as building
blocks for several complex engineering as well as scientific
problems, e.g., formation of UAVs [1], distributed optimization
[2], graph signal processing [3], etc. Due to these promising
applications, consensus control has always been an active topic
in the control community.

Beyond distributed control of MASs, the concept of fully-
distributed control (also referred to as distributed adaptive
control) has been well established in recent years [4]-[7],
where the term adaptive refers to the introduction of some
adaptive coupling gains between the agents. An excellent
feature of such a strategy is that the algebraic connectivity
information (represented by the global Laplacian eigenvalues)
is not needed, whereas standard distributed strategies require
this prior knowledge for gain selection of the controllers.

At the same time, event-triggered control has been a popular
method to save the cost of continuously communicating and
updating the controllers in MASs [8]-[11]. In event-triggered
control systems, the controller updates only when some care-
fully designed events are triggered, which is usually more
economic in terms of communication cost. We refer the readers
to some recent surveys [12], [13] for the developments and
applications of event-triggered control in MASs.

A natural question emerges that whether adaptive coupling
gains and event-triggered sampling mechanisms can be de-
signed simultaneously, so as to achieve fully-distributed event-
triggered control. Fortunately, we have seen several recent
works that provide positive answers. For instance, [14], [15]
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have addressed consensus and formation problems, respec-
tively, by fully-distributed event-triggered control where some
edge-based coupling gains are designed. Note that in [15], the
authors require two triggering functions for a single commu-
nication link, which may be unpractical. Most recently, [16]
has proposed a class of node-based fully-distributed event-
triggered consensus control for MASs over a static network,
where the adaptive coupling gains and triggering functions are
both designed in terms of the nodes.

Motivated by the above discussions, this brief aims to
provide a novel edge-based fully-distributed event-triggered
consensus control method for general linear MASs. In other
words, an adaptive coupling gain channel and a sampling
triggering function are co-designed for each communication
link. We show that the proposed method guarantees closed-
loop stability and Zeno-free property. Also, this edge-based
method is applicable to the case of MASs over switching
graphs, which is in line with conventional edge-based fully-
distributed control framework [4].

Our notations are fairly standard and definitions are given
if necessary. Let us now close this section by recalling some
notations in algebraic graph theory: Denote by G(V,E) is an
undirected (simple) graph with a node set V = {1,--- , N}
and an edge set £ C V x V. An element (i,5) € £ indicates
that there is a undirected edge between node ¢ and 7, in
which case j is a neighbor of i, denoted by j € N, and
vice versa. The incidence matrix of G (with arbitrarily settled
edge orientations) is F = (E;) € RVIXIEI where E;, = 1
if the vertex 7 is the head of the edge indexed by k, —1 if
i is the tail of k, and O otherwise. The Laplacian matrix of
Gis L =FET. A path of G is an ordered series of edges
connecting two nodes. The graph G is connected, if there exists
a path between each pair of distinct nodes. The Laplacian
matrix of a connected graph is semi-definite with a single zero
eigenvalue, in which case we use A\2(L) to denote its smallest
nonzero eigenvalue.

II. PRELIMINARIES

Consider a MAS with N (N > 2) linear time-invariant
agents as

i(t) = Az;(t) + Bui(t), i=1,---,N, (D

where z; € R™ and u; € R™ are, respectively, the state
variable and control input of agent 7. The matrix pair (A,B) are
known, of compatible dimensions, and stabilizable. The agents
interact with each other over an undirected graph G(V, £). The
MAS (1) is said to achieve consensus if, for any given bounded

Authorized licensed use limited to: Southeast University. Downloaded on February 15,2022 at 04:02:55 UTC from IEEE Xplore. Restrictions apply.



initial states x;(0), there holds lim;_, o ||z;(t) — x;(t)|| = 0,
Vi,j € V.

Our objective is to attain consensus with distributed adap-
tive event-triggered strategies. In other words, the desired
controller for each agent should solely depend on relative
information of its neighbors sampled according to some trig-
gering rule.

III. MAIN RESULTS

In this section, we propose a novel edge-based distributed
adaptive event-triggered controller, which can be seen a coun-
terpart of the node-based algorithm in [16]. Hereinafter, the
explicit dependence of the signals on the time stamp ¢ will
omitted if clear from the context.

For simplicity, let us denote x;;(t) = z;(t) — x;(t). Based
on sampled relative errors w.r.t the neighbors j € N, the
control law for agent 7 € ) is proposed as

=K Z Cij.’f?ij
JEN;
. T~
Cij = pijTi;LTij, 2
where K is a feedback gain matrix and p;; € Rt; cij is an
adaptive coupling gain; ;;(t) = x;;(¢)) for t € [t;j,tkﬂ)
is the sampled relative error between agent 4 and j, i,e., both
ends of the edge (7, 7). The sampling instants ¢}’ (k € N) are
determined only by agent ¢ and j, via cooperatively monitoring
of a triggering function. Specifically, for each edge (i,j) €
€ letty =0 and t}),, = inf, i { fij(€ij> i, iy 1) = O},
where the triggering function is given by

O e 3)

— T,
fij = eier” o
1]

— wxz; Ta;; —
where €;; = Zi; — z;; and w,0,n € RT. From the symmetry
structure of f;;, one knows that t” = tj ¢ for any k € N and
any edge (i,7) € £.

Remark 1: Before moving forward, it should be mentioned
that the timely neighboring information of x;; is needed for
the triggering function f;;, which means that continuously
monitoring of this relative error is required. This problem
is common to most literature and can be solved using self-
triggering control in a similar way as [16], [17].

The design process of the control parameters is summarized
in Algorithm 1.

Algorithm 1

1) Choose k1, k2 € RT, then solve the following Linear
Matrix Inequality (LMI):

AP + PAT — kyBBT + kaP <0 4)

togeta P> 0;
2) Let K = —BTP~1, T = P~'BBTP~"! in (2) and (3);
3) Initialize ¢;;(0) = ¢;;(0) € R*; select p;; = pji,0,n €
R* and w € (0,1).

Now we are ready to formulate the main result of this paper.
Theorem 1: Suppose that the communication graph G is
connected. Then, the consensus of MAS (1) can be solved

with control law (2), triggering function (3), along with the
parameters designed following Algorithm 1. Moreover, the
adaptive coupling gains ¢;; (Vi € V, j € N;) converge to some
finite constants, and the closed-loop system does not exhibit
Zeno behavior.

Proof. For brevity, denote for agent 7 € V the global consensus

error e; = T — % Z _,%;, and e;; = e; — e;. Then, it
is clear that e;; = x;;. Let * = col(arl, ,xn) and e =
col(eq, - ,en).

Note that the gains c;; satisfy a symmetric property, i.e.,
cij = c¢j;. In other words, we assign some independent
adaptive coupling gains to the edges of the communication
graph.

Based on (1) and (2), the closed-loop dynamics of x; can
be written as

#; = Az; + BK Z CijTij. (5)
JEN;
Note that vazl ZjGM ¢;j&;; = 0. Then, the dynamics of e;
can be obtained as
€; =Ae; + BK Z Ciji‘ij

JEN;
:Aei + BK Z Cij(l'ij + eij)' (6)

JEN;
It is clear that e = 0 amounts to x; = x93 = --- = zp,
i.e., the consensus is achieved. In the following, we will show

the asymptotic convergence of e. To obtain this, consider the
following candidate Lyapunov function:

PP PR

i=1 jeN;

1—w

]‘T —1
——eT(Iy® P
V=ge (lv@P et 16(1 +w)

where P is a solution of (4) and & € R™ remains to be decided.
The time derivative of V' along system (6) is

V =el(Iy ® P~1A) e—l—z > cijel PT'BK (wij + €i)
i=1jeN;

“wzz%

i=1 jeN;

°)T; FIU (7)

According to design of K and I' and the symmetry of c;;, we
have

N N
Z Z CijeiTP_lBK$ij =— Z Z cijeiTFeij

i=1 jEN; i=1 je/\f
=—= Z > cijalTaij, (8)
i=1jeN;
and

N
Z Z cije;?rP_lBqu =

i=1jeN;

E E c”e”I‘e”

i=1jeN;

1 N
- Z Z cij(z; l":(:” +€;;T€;5). 9
=1 jEN,

;.l;
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Moreover,

E E c”xwl"x”

i=1jEN;

Z Z cij(z; Fx” +¢;;T¢;5)

i=1jeN;

(10)

where we have used the fact that (a + b)? < 2a% + 2b% to
get the inequality. It follows from (7)-(10) and some direct
manipulations that

V<el(Iy® P tA)e —

1 o) Z Z cua:UFxU

i=1 jeN;

1 o) Z Z cijeijle;

= 1j€./\/'

1—|—w ZZCE I,

i=1jeN;

(1)

For each j € NV, the Young’s inequality guarantees that
x;‘gI‘x” = fi'T].—‘fi'” + eijreij — 2.’EZ;FEZJ

<1 ’YT

LTy + (L + 7)€ lei; (12)
where v € RT whose value will be specified in a while.
Furthermore, governed by the event-triggered sampling mech-

anism, we always have f;; < 0in (3), i.e.,

T T ¢ —nt
€;;l€i; <wz;; ey + e
ij

(13)

which, combined with (12), gives
1—w-— 0
7( w w,)/) szFJ?” + le—nt.
1 + Y J Cij

Besides, (13) also guarantees that

N N
Cij eijfeij — W cijxijfxij

i=1jeN; i=1 jeN;
N
_ ON(N —-1) _
< LS S L
< Z Z e < 5 e
i=1 ]e./\/i
Thus, it follows from (11), (14) and (15) that
ON(N — l)e_
4(1 —|—w)
(1l —w)(l —w —wv) Z Z
— x; Fx”
8(1+w)(1—|—7 e liyy)

—i T3 < — (14)

5)

V<el(Iy @ P~1A)e + t

070 e "

1+w

i=1 jEN;

Note that

N
> alTey; =22"(EE" @ T)x
i=1 jeN;
=227 (L@T)x =2e"(LoT)e,

which leads to

V <el(Iy @ P 'A)e — cue (L@ T)e + ve

cyON(N—1)(1—w) +
16(1+w) mll’l{C”( )}

)e, it follows that

— 2(-w)(-w-wy)
where 4 = ot

0 _
% Lete = (Iy ® P!

,and v =

1_
14 <5 e’ (Iy ® (AP + PA") — 2epL ® BB )é + ve ™

—e’ (In ® (AP + PAT —2ep)o(L£)BB"))e + ve .

Now, let us first choose v < % — 1, which implies p > 0
(recall that w € (0,1) in Algorithm 1). Then, choose ¢ such
that ¢ > ﬁl(ﬁ) where 1 is defined as in (4). This gives

V<—3e (Iy @ P)e +ve ™

=— geT(IN®P*1)e+ue*"t. (16)
Thus,

0< V()= V(0)+ /t V(r)dr
0

t
<V(0) + / ve "dr < V(0) + 2,

0 n
which implies that V'(¢) is bounded, which further guarantees
that e(t) (and thus (t)) and ¢;;(t) and €;;(¢), for all edges,
are bounded. Since the coupling gains c;; are monotonically
increasing by construction, each of them would converge to
some finite constant. Note by (6) that & is also bounded,
which indicates that the function e (Iy ® P~1)e is uniformly
continuous. Furthermore, by (16), one has

/Ooo e(r)"(Iy @ P~ )e(r)dr < v + V(©0) — V(e0) < .

a7)

/{277 %)

According to the well known Barbalat’s Lemma [18], we have
lim; . e (t)(Iy ® P~1)e(t) = 0. Then, we can conclude
that lim;_, , e(t) = 0, i.e., the MAS (1) reaches a consensus.

Next, we show that the closed-loop system is Zeno-free. To
this end, let us denote €, (t) = €;;(t)" Te;;(t) for (i,5) € €

and ¢ € [t)/,t}/, ). By definition,

dej; o

dt

Since x(t), €;;(t) and ¢;;(t) are bounded, we know that u; are
bounded. If we denote x;; = sup;> |2¢;, F(A$Z] + B(u; —

uj))]s ;< 00. As €l (t”)annd 6”() < Xijs
it follows that ¢; j( ) < Xt — t”) te |t t}gH) Note by
(3) that €] (tzjﬂ) = wa e 0

. v ntk+1
|t:t}j+1 Cij € » then

0 47 i - g
_ J ij ij
- T < e (tk+1) <Xty — 1)), (18)
ij
ij 0 —nti . .
that is tiy1 — tk > et k+1 > () for any finite horizon.

Moreover, it is not hard to conclude that tfgj — 00 as t — 0o
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by contradiction [16]. Then, no Zeno behavior would exist.
This completes the proof. [ ]

As compared to related methods available in the literature,
let us explain the contributions of the proposed method in
some remarks.

Remark 2: In the most recent edge-based event-triggered
control method proposed in [15], two triggering functions are
designed for each edge. While in the proposed method, only
one triggering function is designed for each edge, which is
more convenient and intuitive.

Remark 3: As compared with the node-based strategy in
[16], the proposed edge-based method can be applied to the
case of switching connected graphs. This conclusion follows
immediately when noticing that the Lyapunov function in the
proof is not related to the graph Laplacian matrix £. We
summarize this point into a corollary below.

Corollary 1: Suppose that the communication graph is
switching over several connected graphs. Let N} be the
neighbors of ¢ at time ¢. Then, the consensus of MAS (1)
can be solved with control law

U; = K E CijTgj

JEN}
¢ij = pijiyDEij,5 € N, (19)

triggering function (3), along with the parameters designed
following Algorithm 1. Moreover, the adaptive coupling gains
cij Vi € V,j€ N}) converge to some finite constants, and
the closed-loop system does not exhibit Zeno behavior.

IV. AN ILLUSTRATIVE EXAMPLE

In this section, we propose a numerical example to validate
our method. Consider a MAS consisting of 6 second order
oscillators where

(40 ()

In view of Corollary 1, the communication graph is assumed
randomly switching between a Star graph (with node 1 being
the center) and a Ring graph.

Following Algorithm 1, let k; = k2 = 1, and solve the
LMI (4). Then, the obtained feedback gain matrices are K =

36 36
(—=6,—6) and T = 36 36

any edge and select p;; = 0.5. For the triggering functions,
we choose 6 =7 = 0.5, w =0.9.

The initial states of the agents are randomly chosen. After
the implementation of the distributed event-triggered adap-
tive consensus controller (2), the states of the agents are
provided in Fig. 1. The global consensus error e.(t) =

. We initialize ¢;;(0) = 1 for

%Zf’zl le;(t)]]2 in the MAS converges to zero, as shown
in Fig. 2. The triggering instants for each edge are shown
in Fig. 3, while the adaptive coupling gains for each of
them are shown in Fig. 4. Fig. 5 shows the communication
topology switching indicator. Finally, the control inputs for
the agents are provided in Fig. 6. It is clear that continuously
samplings are avoided, meanwhile the adaptive gains converge.
The theoretical results are well supported.

Al I3 — s
Te

10 20 30
t

Fig. 1: The states x;(t) of the agents.

10 15 20 25 30

t

Fig. 2: The global consensus error e.(t) in the MAS.
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Fig. 3: The triggering instants of all edges (4, j).
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Fig. 4: The adaptive coupling gains ¢;;(t) of all edges (i, 7).
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Fig. 5: The communication topology switching indicator.
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Fig. 6: The control inputs u;(t) of the agents.

V. CONCLUSION

This brief addressed distributed adaptive consensus of linear
multiagent systems based on event-triggered sampling. A
novel class of triggering functions was designed in terms of
the edges in the network to determine the sampling instants
of pair-wise relative consensus errors. Meanwhile, adaptive
coupling gains were designed, consistently, in terms of the
edges in the network. The proposed method is fully distributed
without requiring any global information. Future works may
involve uncertain agents as in [16], and/or directed communi-
cation topologies using the method of [19].
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