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Adaptive Exponential Consensus With Cooperative
Exponential Parameter Identification Over
Leaderless Directed Graphs

Dongdong Yue
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Abstract—Due to the complex entanglement between dis-
tributed control and distributed estimation, adaptive multiagent
dynamics over leaderless directed graphs are yet not completely
understood. This happens even when the adaptive dynamics are
based on established tools like model reference adaptive control
(MRAC). This work starts from the observation that existing
MRAC-based leaderless designs stop at asymptotic consensus,
lacking of any guarantee for exponential consensus or parameter
identification. The main contribution of this work is to show a
new design departing from the existing ones in terms of exploiting
persistence of excitation (PE): the proposed design is the first
one attaining exponential consensus with exponential parameter
identification over leaderless directed graphs. In the special case
that the unknown parameters are homogeneous, PE can be
relaxed to a weaker cooperative PE (C-PE) condition. The design
is illustrated and verified alongside the state-of-the-art.

Index Terms—Adaptive control, directed graphs, leaderless
consensus, parameter identification, persistence of excitation
(PE).
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I. INTRODUCTION

N THE past few decades, cooperative control of multiagent
I systems has arose multidisciplinary interests spanning con-
nected vehicles [1], optimization and game theory [2], [3],
microgrids [4], biological science [5], and so forth.

Since uncertainties are inevitable in most applications
of multiagent systems, cooperative control of uncertain
multiagent systems has been receiving increasing attention.
To deal with uncertainty, different adaptive control tech-
niques have been successfully applied to multiagent systems.
For instance, neural networks and fuzzy logic systems
have been used to tackle unknown nonlinear dynamics in
multiagent systems [6], [7], [8], [9], [10], adaptive control
with Nussbaum functions has been used to tackle unknown
control directions in multiagent systems [11], and adaptive
couplings have been used to tackle the unknown algebraic
connectivity in multiagent systems [12], [13]. The celebrated
model reference adaptive control (MRAC) has been recently
applied to multiagent systems with parametric uncertain-
ties [14], [15], [16]. In particular, model reference adaptive
consensus (MRACon) has been proposed in [16], which
provides a solution for leaderless consensus of multiagent
systems with parametric uncertainties, and is effective when
the communications graph among the agents is directed. Note
that MRACon only leads to asymptotic consensus, lacking
of any guarantee for exponential consensus or parameter
identification.

It is known ever since [17] that adaptive control does
not necessarily require perfect identification of the uncer-
tainties, i.e., the parameter estimates may not converge to
their true values. However, it is also widely accepted that
convergence to the true parameters would result in a robust
behavior [18]: this gives room to various parameter identifi-
cation tools putting more focus on the conditions that allow
to identify the uncertainties. Such conditions traditionally
evolve around the celebrated persistence of excitation (PE),
a condition allowing for exponential convergence to the true
parameters [18, Corollary 4.3.1]. By resorting to consensus
theory, the PE condition in multiagent systems can be relaxed
to a weaker condition named cooperative PE (C-PE), pro-
vided the unknown parameters are homogeneous among all
agents [19], [20], [21], [22]. Such scenarios include multiple
robots with homogeneous unknown dynamics or acting in the
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same environment with unknown but homogeneous physical
parameters such as gravity and temperature, among others.
The PE condition has also been relaxed to interval excitation
(IE) [23], [24], [25], [26], and, likewise, C-PE has been relaxed
to C-IE [27]. For instance, [23] achieves IE via integrator
filters: similar integrator filters have been used to derive
the C-IE condition in multiagent systems [27]. However, as
pointed out by [28], such integrator filters create monotonically
increasing signals that may harm stability. Another technique
that achieves IE is the concurrent learning method [29], which
is at the price of a history stack to store past state information.

Apart from the interesting but still unsettled issue of
relaxing PE and C-PE to IE and C-IE, in this work we focus
on PE and C-PE, because these conditions still present some
crucial open problems for multiagent systems. In fact, despite
the advances in cooperative control and parameter identifi-
cation of uncertain multiagent systems, several challenging
problems arise due to the entanglement between the parameter
estimates and the distributed controllers. Notably, previous
works [19], [22] are applicable to decentralized control where
the purpose is to make each agent track a local reference,
i.e., a truly cooperative control goal is missing. Meanwhile,
existing approaches for addressing parameter identification in
leader-follower tracking [30], [31], containment control [32],
and cooperative output regulation [33], all rely on a leader-
follower setting with undirected communication graph among
the followers. For multiagent systems without any leader or
with directed communication graphs, cooperative control with
parameter identification remain open problems. As pointed out
by [16] and [34], cooperative control of uncertain leaderless
agents over directed graphs is generally more challenging
due to the lack of a global reference and the asymmetric
communications.

Motivated by the above discussions, this article studies lead-
erless consensus with parameter identification of multiagent
systems over directed graphs. In particular, we study expo-
nential stability of the distributed adaptive closed loop since
exponentially stable systems are known to possess a cer-
tain degree of tolerance to perturbations [35]. We consider
agents with possibly heterogeneous parametric uncertainties
and derive the corresponding results in the special case of
homogeneous parametric uncertainties. The main contributions
are summarized as follows.

1) When the uncertainties are heterogeneous and PE holds,
we propose an improved MRACon achieving not only
exponential consensus but also exponential parameter
identification for the multiagent systems. We remark that
the existing MRACon [16] only achieves asymptotic (not
exponential) consensus.

2) When the uncertainties are homogeneous, the identifi-
cation task can be accomplished in a cooperative way.
This allows to modify the adaptation law of MRACon
so as to exploit a C-PE condition, weaker than PE, but
that still allows exponential consensus and exponential
parameter identification.

3) To our best knowledge, the proposed design is the
first framework for cooperative control with param-
eter identification over leaderless directed graphs. In
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fact, [19], [22] consider a decentralized setting rather
than a cooperative setting, and [30], [31], [32], [33]
consider leader-follower settings over undirected graphs.

The rest of this article is organized as follows. In Section II,
we introduce some preliminaries, formulate the problem, and
recall the baseline MRACon. In Sections III and IV, we
present the main results which are the construction of two
improved MRACon and their exponential convergence results.
Simulation examples are provided in Section V, followed by
conclusions in Section VI.

Notations: Let R and R4 denote the field of real numbers
and positive real numbers, respectively. Denote with I and
1 the identity matrix and the column vector with all ones,
respectively. Zero vectors and zero matrices are all denoted as
0 for brevity. The 2-norm (resp. induced 2-norm) of a vector
(resp. a matrix) is denoted as || e |. For a vector a € R",
span(a) is the space spanned by vector a; we write a € Ly if
lalloo = Sup,sq lla(?)|| exists. For a square matrix A € R"*",
let null(A) denote its zero space, tr(A) its trace, and A(A) its
eigenvalues. The matrix inequality A > B means that A — B
is positive semidefinite. The real transpose and the complex
conjugate transpose are denoted as o' and oM, respectively.
The real part of a complex number is denoted as i(e). For
a group of matrices ay,...,a, of compatible dimensions,
col(ar, ..., an) = (al,...,a))7, and diag(a, ..., ay) is the
block diagonal matrix consisting of ay, .. ., a, in order. Denote
the index set Zy £ {1,2,...,N}.

II. PRELIMINARIES

A. Graph Theory

A directed graph (or simply digraph) GV, €&, A) is
described by the node set V = Zy and the edge set £ =
{&ii,i # jli — j} representing the interconnections between
nodes. The weighted adjacency matrix A = (a;;) € RV*V has
non-negative entries with a;; > 0 if £; € £: in this case, node j
is called an in-neighbor of node i. The entries of the Laplacian
matrix £ = (l) € RNV*N associated with G are defined as
lj = —ajj for i # j, and l; = Y| ay;. A digraph G is weight-
balanced if YN | aj = Y\, aj; for any i € V. A digraph G
is strongly connected if there exists a directed path between
any pair of nodes. A directed spanning tree (DST) G(V, £, A)
of G is a subgraph which contains a root (a node without in-
neighbors), such that one can find a unique directed path from
the root to every other node. In G, without loss of generality,
let node 1 be the root and denote i as the unique in-neighbor
of node k+ 1, k€ Iy_;.

Suppose that G contains a DST G and let us construct two

matrices based on G. Construct & € RW=DXN and 0 €
RON-DXxN=1) ¢

—1,ifj=k+1
By=11 ifj=i (1)
0, otherwise

Y (Lrvre = Lie) @

ceVjri

Oy =

where ]_/j+1 represents the node set of the subtree of G rooting
at node j + 1. Then, the following results hold.
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Lemma 1 [2], [13], [36]: Let G contain a DST G. Then,
1) 0=2x1(L) <RMA2(L) < ... <RAN(D)).

2) null(£) = null(E) = span(1y).

3) EL =QE.

4) 2i(Q) =ri1(L),i=1,...,N—1.

Lemma 2 [37]: Let G be strongly connected. Then,

1) there exists a positive left eigenvector r =
(r1,...,rN)T € ]Rﬁ of L associated with the zero
eigenvalue.

2) the matrix £ 2 RL+LTR, where R = diag(ry, ..., rn),

is a Laplacian matrix associated with an undirected
connected graph.

3) r = roly with rop € Ry if and only if G is weight-
balanced.

B. PE/C-PE Signals and Minimum-Phase Filters

Definition 1 ([38], PE): A bounded signal ¢ (¢) : [0, o0) —
R” is persistently exciting, denoted by ¢ € PE(T, €), if there
exist 7, € € R4 such that

t+T
f p()p(r)Tdr > el,  V1>0.
t

Definition 2 ([19], [20], C-PE): A group of bounded sig-
nals ¢;(¢) : [0,00) — R" for i € Zy is cooperatively PE,
denoted by {¢;|i € Iy} € C-PE(T, €), if there exist T, € € R
such that

+T N
Y b)) dr = el
r iz

Definition 3 [18], [38]: For an LTI system y = G(s)u, the
filter G(s) is

1) proper if G(00) is finite;

2) minimum-phase if its numerator polynomial is Hurwitz;

3) stable if its denominator polynomial is Hurwitz.

The following lemma is recalled from [18, Lemma 4.8.3].

Lemma 3 [18]: If a bounded signal ¢ : [0, c0) — R" is PE
and ¢ € Lo, and a filter G(s) is proper, stable and minimum-
phase, then G(s)¢ is bounded and also PE.

A natural question is whether Lemma 3 can be extended to
the C-PE case. The following result gives a positive answer,
which also avoids making indirect assumptions on the filtered
regressors, as is indeed done in [31], [32], and [33].

Lemma 4: 1f a group of bounded signals ¢; : [0, c0) — R"
is C-PE and ([Si € L for i € Zy, and a filter G(s) is proper,
stable and minimum-phase, then each G(s)¢; is bounded and
the group of G(s)¢; is C-PE.

Proof: See Appendix A. [ |

vVt > 0.

C. Problem Statement and Baseline MRACon

Consider N agents with parametric uncertainties interacting
over a digraph G(V, £, A). The dynamics of agent i, i € V, is

Xi(1) = Axi(1) + B(fi(xi (1), 1) + u; (1)) 3)

where x; € R"” and u; € R™ are the state and input vector,
respectively, and the pair (A; B) is stabilizable, known, and
with B full column rank. Parametric uncertainty arises from
the following standard assumption on f; [16], [28].
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Assumption 1: For each agent i € V, the function f; can be
linearly parameterized, i.e.,

fixi(0), 1) = Wl i (xi(2), 1) 4)

where W; € RY*™ is an wunknown constant matrix, and
¢; : R" x [0, 00) — R, often called the regressor, is known
and such that ¢;, d)i € Loo.

Under suitable conditions imposed on the digraph G and on
the regressors ¢;, the problem of interest is to design u; and an
estimate W,-(t) of W; so as to achieve exponential consensus
with exponential parameter identification defined as follows.

Definition 4: The agents (3) are said to achieve exponential
consensus and exponential parameter identification, respec-
tively, if

lim |50 — x50 =0  VijeV
—> 00

lim [Wi()|=0 VieV

—>00

with W;(r) £ W,-(t) — W;, where the convergence is exponential
after t > T* for some T* € R,. Specifically, there exist p,
n > 0 such that lim, o [lx:() — (0| < pe~=T" |lx(T*) —
T and limy o0 W) < pe” 7T WT)]| for all
t > T*: in this case, the convergence is exponential at the rate
of (no less than) 7.

Remark 1: The delay T* is typically introduced in related
literature [31], [32], [33], [39] to account for the initial
transient of the adaptive closed-loop.

Let us now recall a baseline design over leaderless directed
graphs (see Fig. 1). This design was originally reported in [16]
and called MRACon (here and in the sequel the arguments of
the functions are omitted when clear from the context)

u; = Kei — W/ i + i

€ =Xi— I
zi = Az; + By;
N
Vi = aKZa,-j(xi — xj) (®))
j=1

where z; is the state of a virtual local reference model
constructed for agent i, « € Ry and K € R™" are constant
gains, and W; is updated via

W, = T pie] PB. (6)

Here, I' € R?7%9 and P € R™" are constant and positive
definite. The following result is recalled from [16].

Proposition 1 [16]: Suppose that the digraph G contains a
DST. Leta > [1/283(A2(£))] and K = —B"P with P being the
unique solution of the algebraic Riccati equation ATP + PA —
PBBTP—l—In = 0. Then, the agents (3) will achieve asymptotic
consensus under (5)-(6).

The above Proposition 1 provides asymptotic (but not
exponential) consensus. Most notably, parameter convergence
of W,- to W; is left unaddressed. In the following section, two
novel classes of MRACon will be proposed, both guaranteeing
exponential consensus and exponential parameter identifica-
tion. To close the section, a lemma on exponential stability
under decaying disturbances is introduced.
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Reference Model

, . i )
e!
A éﬁ‘
Law

Fig. 1. Block diagram of the baseline MRACon framework proposed in [16].
The parameter identification is open-loop.
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Law
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Filter
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Adaptive Law 4
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Fig. 2. Block diagram of the proposed improved MRACon framework. The
red part closes the loop of parameter identification and will be studied in
Section III. The blue part is for cooperative parameter identification and will
be studied in Section IV.

Lemma 5 [40]: Consider the following system:
X=Fx+ Fi(t)x + F>()

where x € R”, F € R™" is Hurwitz, F1(f) € R"™" and F»>(t) €
R™ are bounded and continuous for all ¢ > #y. Then, as t — o0,
1) if Fi(t), F2(t) — 0O (exponentially), then x(f) — 0
(exponentially);
2) if F1(t) = 0, F»(¢) decays exponentially at the rate of «,
and @ < B where 8 = ming{R(Ax(—F))}, then x(r) — 0
exponentially at the rate of «.

III. ADAPTIVE EXPONENTIAL CONSENSUS WITH
EXPONENTIAL PARAMETER IDENTIFICATION

The main idea to achieve parameter identification is to
close the loop of the parameter estimate (6) for each agent,
i.e., to involve the parameter estimation error for adaptation
(see Fig. 2). The idea is inspired by [28], [41], and [42],
which address identification and control problems of a single
uncertain plant. To accommodate for the multiagent setting,
a standard connectivity assumption common in consensus
control (see [16], [36], etc.) is introduced as follows.

Assumption 2: The digraph G contains a DST G.

Assumption 3: The regressor ¢; in (4) Vi€V, is PE: ¢; €
PE(T}, €;) for some T;, ¢; € R;.
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Consider the following proposed improved MRACon law
for each agent i € V as:

u; = Ke; — Wl oy + 7

¢ =x—2z

zi = Azi + By;
N

yi = oK Z al;,'(xi — )Cj) + GE; (7)
j=1

where the update law of W; will be specified later, G =
(B"B)~'BT, and

e — e,',f

E; = (A+ BK)e;y + Bejy — (8)

with k € Ry and local filtered variables e; r, &; s calculated as

ké,'f +eif =e;
kéi,f +eif = kW;rqbi,f
koif + bif = bi. )

These variables e;y,e;r, ¢iy can be easily obt_ained by
applying the filter H(s) £ (1/[ks + 1]) to ei,kWiT¢,‘f,¢,~,
respectively.
In order to construct the update law, auxiliary matrix updates
are needed, that are introduced via the following result:
Proposition 2: Consider the matrices updated via

M; = —IM; + 8¢i s, Mi(0) =0

S; = —IS; — 8ifEf GT — MW, Si0)=0 (10)

where [,6 € Ry are design gains with [ often referred to as
the forgetting factor. Then,
1) Si(t) = —M;(OW;(t) Vt>0 Vie).
2) under Assumption 3, there exists a o € Ry, such that
Mi(t)y>ol, Vt>T; ielV.
Proof: See Appendix B. . |
We are now in a position to design the update law W; as

(1)

where x1 € R,. The main difference between the baseline (5)
and the proposed (7) is the following: the latter contains the
additional term E; that depends on the update law (11). In
other words, an additional feedback from the parameter update
law is created, which requires a dedicated stability analysis.

The following theorem summarizes the main result of this
section.

Theorem 1: Let Assumptions 1-3 hold, and choose o >
(1/[22R(A2(L£))]) and K = —BTP as in Proposition 1. Then,
with the proposed improved MRACon (7)—(11), it holds that

1) the agents (3) achieve exponential consensus with expo-

nential parameter identification, where 7* in Definition 4
can be specified as T* = max;{T;};

2) if m = n, let o further satisfy

1 o—2
o >
29R(A2(L)) 49%(A2(£))Amin(PBBTP)

min{([1 + Amin(PBBTP)]/Amax (P)). 2610
0, then, the exponential convergence in

A

W, =T (¢,»e,TPB TS S,-)

12)

A
where o =
)\min(r)} >
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both consensus and parameter identification is at the rate
of (0/2).
Proof: The proof of statement 1 will be divided into three
parts, i.e., exponential convergence of ¢; and W;, exponential
consensus of z;, and exponential consensus of x;.

A. Exponential Convergence of e; and W;

The dynamics of the error systems e;, W; can be obtained
as

éi = (A + BK)e; — BW ¢;

W, = F(¢,-eiTPB - K]MiW,’) (13)
where we have used Proposition 2.

Consider, for each agent i € V), the candidate Lyapunov
function

Vi(ei Wi) = el Pe; + tr(W,Tr*IWi). (14)
Analyzing the time derivative of V; along the trajectories
of (13) yields

Vi=el (PA +ATP - 2PBBTP> ei — 2¢] PBW ¢
+ 2ue(WT <¢>iel-TPB _ KlMiWi))

= - e,T(In + PBBTP>e,~ - 2/<1tr(W;rM,'W,-) (15)
where the definition of P and the fact that tr(XY) = tr(YX) for
any matrices X and Y of compatible dimension has been used
to obtain the last equality.

By Proposition 2, M;(t) > ol; Vt > T;. Then, it follows
from (15) and the definition of o that

Vi) < —oVi(t)  Vt>T,. (16)

As such, the Lyapunov direct theorem allows to conclude that
e; and W; converge exponentially to zero after t > T;.

B. Exponential Consensus of z;

Let us denote z = col(zy, ..., zy), and define x, e, E in a
similar way. From (7), the dynamics of z can be obtained as

7= Uy ®A)z+ (L ® BK)x + (Iy ® BG)E
=(IN®A+alL ® BK)z+ a(L ® BK)e + (Iy ® BG)E.

Under Assumption 2, define E and Q as in (1)-(2) and let
z= (8 ® I,)z. Then, based on Lemma 1, one has

Z=(Iy-1 ® A+ aQ ® BK)Z

+a(EL ® BK)e + (E ® BG)E. (17)

Moreover, z = 0 if and only if z; reach consensus. Note that
e and E converge exponentially to zero after + > max;{7;}.
In particular, E; decay exponentially after r > T; since E; =
BWZT ¢if (cf. (49) in Appendix B) and W; decay exponentially
and ¢; 5 € L.

Next, we show that the matrix Iy_1 ® A + ¢Q ® BK is
Hurwitz given that o > [1/293(12(£))]. Note that any square
matrix is unitarily similar to an upper triangular matrix with
diagonal entries being its eigenvalues. Applying this fact to Q

IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS: SYSTEMS, VOL. 55, NO. 3, MARCH 2025

and noticing statement 4) of Lemma 3, it is sufficient to show
that the upper triangular matrix

A+ ar(L)BK *

0 A+ ady(L)BK

is Hurwitz, which is then equivalent to show that the blocks on
the main diagonal are Hurwitz. In fact, based on the definitions
of P and K, one has

(A + ar i (L)BKNP + P(A + ai(L)BK)
=A"P+ PAT — a) (L)NPBBTP — a)i(L)PBBTP
= AP+ PA" — 2aR(1i(L))PBB'P

= — I, + (1 — 2aR(1:i(L)))PBB' P (18)

for any i € {2, 3, ..., N}. Then, provided o > [1/2R(A2(L))],
the blocks A + aA;(L)BK are indeed Hurwitz.

Now since Iy_1 ® A+ «Q ® BK is Hurwitz and e, E decay
exponentially, according to statement 1 of Lemma 5, 7 also
converges to zero exponentially (after + > max;{7;}).

C. Exponential Consensus of x;

Upon defining the consensus error vector x = (2 @ I,)x,
one has

x=z+(E®Ie. (19)

Then, on the basis of a)-b), it can be concluded that x converge
exponentially to zero after + > max;{7;}. Note that x = 0 if
and only if x; reach consensus. This completes the proof of
statement 1.

For statement 2, note from (16) that ¢; and W, converge
at the rate of (o/2) for all i € V. Then, it can be verified
that e, W and E all decay at the same rate of (0/2). Denote
F=In_1®A+aQ®BK, F(t) = «(ELR®BK)e+ (E®QBG)E.
Then, provided m = n so that BBT invertible, and the lower
bound in (12), one has ming {Ax (2aR(*;i(L)) — 1)PBBTP +
I,)} > (0/2) Vi e V. Together with (18), the above implies
that ming{R(Ax(—F))} > (0/2). According to statement 2 of
Lemma 5, the convergence of z in (17) is at the rate of (9/2).
Finally, x converge at same rate of (0/2) due to (19). This
completes the proof.

Remark 2: The closed-loop parameter identification pro-
cess is integrated into the controller through modifying the
inputs of the virtual reference models via E;. It plays a key
role in containing the effect aroused by the estimation error
W;, and finally leads to improved transient performance of
the controller. Particularly, the filter H(s) = (1/[ks + 1]) is
introduced due to the following reasons. First, it is proper,
stable and minimum-phase, preserving the PE/C-PE property
of the regressors. Second, it provides an additional free
parameter k for tuning: note that, as k approaches zero,
the uncertainties in the closed-loop states of the agents are
supposed to be completely compensated. This can be inferred
by comparing the controlled state dynamics in the baseline
MRACon (5)-(6) where

%; = Ax; + BKe; + By, — BW, ¢; (20)
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and in the improved MRACon (7)—(11) where

X = Ax; + BKe; + By; — BW] (i — ¢if). (21)

Indeed, the residual term BVV;'- (¢i — ¢i,r) vanishes rapidly for
a small k, which implies that the modified control input can
compensate the uncertainties. More quantitative discussions on
the filter H(s) can also be found in [28].

Remark 3: As compared to [16], a significant property of
the proposed improved MRACon (7)—(11) is to guarantee
exponential consensus and exponential parameter identifica-
tion. Furthermore, statement 2 of Theorem 1 reveals that such
exponential convergence can be attained with a determined
rate provided « is sufficiently large. Intuitively, if the cou-
pling strength among the agents is sufficiently strong so that
consensus is much feasible in the network level, then the
decaying rate of the closed-loop error systems will depend
on the identification and tracking errors in the agent level. It
is also worth remarking that the lower bound of « relies on
R(A2(L)), which is a global information: however, algorithms
have been proposed to estimate this value in finite time and
in a distributed manner [43].

IV. ADAPTIVE EXPONENTIAL CONSENSUS WITH
COOPERATIVE EXPONENTIAL PARAMETER
IDENTIFICATION

It has been shown in [19], [20], and [21] that parameter
identification in a multiagent system can be accomplished in
a cooperative way, provided that the unknown parameters are
homogeneous. As a byproduct, Assumption 3 can be relaxed,
resulting into a weaker C-PE condition for a group of signals.
In this section, we make the following assumptions.

Assumption 4: The unknown parameters in (4) are homo-
geneous, i.e., W; =W for all i € V.

Assumption 5: The digraph G is strongly connected and
weight-balanced.

Assumption 6. The group of regressors ¢; is C-PE: {¢;|i €
In} € C-PE(T, €) for some T, € € R;.

Remark 4: On one hand, Assumption 6 is strictly weaker
than Assumption 3 [19], [20], [21]. On the other hand,
although Assumption 5 is stronger than Assumption 2, it is still
less restrictive than assumptions in the literature. In fact, most
literature such as [19], [20], [21], [30], [31], [32], and [33]
assume that G is undirected and connected. Assumptions 5
and 6 also appear recently in [22], however, only cooperative
identification/learning is considered, without any cooperative
control goal. To the best of the authors’ knowledge, this is the
first work on cooperative control with (cooperative) parameter
identification in digraphs.

Consider the same proposed MRACon law as (7)-(10) for
each agent i € )V, with an extra consensus term involved in
the adaptive law, i.e., (11) is replaced by

N
W; = F<¢ie,TPB + K18 — K2 Za,-j(Wi - W])> (22)
j=1

where k1, k> € R,. The parameter identification process is
now performed in a cooperative way as compared to (11).
Intuitively, each agent negotiates with his neighbors on the
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estimate toward the ‘“global” homogeneous parameter, by
collecting neighbors’ estimates, computing consensus errors,
followed by updating his own estimate accordingly.

Since the filter H(s) = (1/[ks + 1]) is proper, stable and
minimum-phase, the following proposition can be directly
stated based on Lemma 4.

Proposition 3: Under Assumption 6, the group of regres-
sors ¢; ¢ is also C-PE, i.e., {¢;fli € Iy} € C-PE(T’, €’) for
some 77, ¢" € R;.

Besides, as an extension of statement 2) of Proposition 2,
the following result can be obtained.

Proposition 4: Under Assumption 6, there exists a o’ €
Ry, such that My(t) 2 YN | Mi(t) > o'l Vi >T'.

Proof: See Appendix C. [ |

We are now at the position to present the main result of this
section.

Theorem 2: Let Assumption 1, Assumptions 4-6 hold,
and choose o« > [1/28R(A2(L)] and K = —B'P
as in Proposition 1. Then, with the proposed improved
MRACon (7)—(10) and (22), it holds that

1) the agents (3) achieve exponential consensus with

parameter identification, where 7% in Definition 4 can
be specified as T* = T’ (defined in Proposition 3);
2) if m = n, let o further satisfy

1 o —2
* 7 R020) T AR02(L)) min(PBBTP)

(23)

where o' £ min{([1 + Amin(PBBTP)]/dmax(P)), 213
NAmin(D)} > 0 with x3 £ min{x], x2} and 7 as
defined in (34), then, the exponential convergence in
both consensus and parameter identification is at the rate
of (0'/2).

Proof: Note that statement 1) of Proposition 2 still holds,
ie, S = —MgW where S = col(Sy,...,Sy), Mg =
diag(M1, ..., My), and W = col(Wl, R WN). Furthermore,
define Wy = diag(Wy, ..., W), ¢ = col(¢1, ..., ¢n). Then,
based on (45) and (22), the closed-loop error system consisting
of virtual tracking errors and identification errors can be
written in a compact form as

¢=(Iv® (A+BK))e — (Iy @ W] ¢
W=dy® F)(diag(q&lef, o ¢NeL)(1N ® PB)
— (IMa + k2 (L @ 1,)) W). (24)

Similar to the proof of Theorem 1, we first aim to prove
the exponentially convergence of the error system (24) under
Assumption 6. Let us consider the candidate Lyapunov func-
tion for the error system (24) as

V(e W) =Ty @ Pe+u(W (Ivo T~ )W). @5)

Analyzing the time derivative of V along the trajectories
of (24), followed by some manipulations similar to (15), yields

V= —eT(iv® (I + PBBTP))e

—2u(WT (1M + 2L @ 1)) W) 26)
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Under Assumption 5, WL ® Iq)VV = VNVT(ﬁ ® Iq)VV where
L is defined as in Lemma 2 with ro = (1/2). It is clear that
Mgy and L are both positive semidefinite. Then

V< —el (IN ® (In + PBBTP))e
~2uste(WT (M + (£ 1,) )W)

where «3 = min{ky, kp}. Next, we show that the matrix
My(t) + (ﬁ ® I,) is uniformly positive definite V¢ > T’ with
T’ defined in Proposition 4.

According to Lemma 2, the matrix L has only one zero
eigenvalue whose unit eigenvectors is (1/4/N)1y. Then, the
matrix £ ® I; has q eigenvalues and the corresponding
orthogonal unit eigenvectors are

27)

1 1
vi=—Iy®m, ..., vp=—=1Iy®m (28)
NI TN !
where 7; £ (0,...,1,...,0)T € RY (the ith element being

1), i € Z,, form a basis of RY. Denote the other eigenvalues
of £ ®1; a8 0 < Agy1 < Agyo < --- < Any, and denote the
corresponding orthogonal unit eigenvectors as Vg1, ..., Vng.
For any nonzero vector £ € RV, it can be represented by

q Ng
E=) cvit Y cvi
i=1

i:q—‘rl
with a unique group of ¢;, i = 1, ..., Ng, which cannot be
. Nq 2
zero simultaneously. On one hand, when Z,’: g1 6 > 0, one
has

(29)

T (Ma+ (£®1,))s = € Mat + % 2

i=q+1
Ng
> Y cfhgr1 > 0. (30)
i=q+1
On the other hand, when Zﬁ\fq 4 cl.2 = 0, one has :.1: 1 c? >
0. Then
R q T q
€T<Md + (E ®Iq>)é = (Z CiVi> My (Z CiW)
i=1 i=1
= CTVTMgvC 31)

where C = (cq, ..
verified that

el and V = (v1,...,vg). Tt can be

N
1 1
T — R
VMV = Z;Ml = M. (32)
=
According to Proposition 4, one has Vi > T’
A 1
ET(Md + (E ®1q))s = ~cTumc
o’ q
> ¢ > 0. (33)
i=1

Summarizing (28)-(33), we have shown that the matrix My+
(L®I) Yt = T’, is positive definite. Since M; is smooth
and L is fixed, one can use similar contradiction arguments
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as in [19] and [32] to show that the matrix My + (ﬁ ®1,) is
uniformly positive definite, i.e.,

Moo+ (E@1) = nly, V=T (34)

for some 1 € Ry. Then, it follows from (27) and (34) that:

V(i) < —o'V() Vi=>T. (35)

As such, e and W converge exponentially to zero after t > 7.

Consequently, following similar steps b)-c) in the proof
of Theorem 1, one can show that x; also reach consensus
exponentially after r > T’, thus statement 1) holds. Finally,
statement 2) can be proved in a similar way as in the proof
of Theorem 1. The proof is completed. |

Remark 5: Similar to [44], the final consensus manifold
is allowed to be manipulated by including some global
external reference inputs in y; in (7). Besides, one can also
include the same state feedback loop to the agents and
the reference models simultaneously to specify some desired
consensus manifolds, e.g., to track a global reference model
(cf. Example 2 in Section V). The proofs of Theorem 1 and 2
still applies to these extensions without much modifications,
and thus, the details are omitted.

Remark 6: Recent advances on parameter identification
have shown that the PE condition is not necessary for iden-
tification and can be relaxed, see, e.g., IE in single-agent
systems [23], [24], [25], [26] and, likewise, cooperative 1E
(C-IE) in multiagent systems [31], [32], [33]. In principle, the
results proposed in this article could be extended under IE/C-
IE conditions and two possible ways are envisaged to do
this. The first way is to use integrator filters, i.e., to set the
forgetting factor / = 0 in the filters (10), which resembles
the integrator filters in [23] and [32]: here, robustness issues
may arise due to the monotonically increasing M;. The second
way is to incorporate appropriate switching mechanisms in
the parameter adaptation law as in [31] and [33], which may
nevertheless induce nonsmoothness into the controller. For
these reasons, the results of this work have been presented
under PE/C-PE conditions, leaving the IE/C-IE cases for future
work. It is also worth remarking that when the forgetting factor
I — 0, the required excitation conditions approach IE/C-IE
conditions, respectively [28].

V. SIMULATIONS

Example 1: Consider a network of N = 6 uncertain
second-order agents over a directed ring graph with £ =
{&12, E23, E34, Eus, Es6, E61}- The dynamics of the agents fol-
lows (3) with:

0 1
A=<_1 0), B=1I, fi=W'¢; (36)
where WT = _25 _01 10 0 is unknown to the agents,

and different choices for ¢; will be specified later on, so as to
satisfy different PE conditions. In line with Assumption 4, W is
homogeneous for all agents. In the simulations, the initial x;, z;
and initial estimation W; for the agents are randomly selected
according to the Gaussian distribution. The coupling gain is
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Fig. 4. Case 1 (PE): The consensus errors and parameter identification errors of the agents with the proposed improved MRACon (7)—(11).
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selected as the lower bound @ = 1 since R(A2(L)) = 0.5 for
the ring topology. Let I" = I3 for the adaptation laws (6), (11)
and (22). We define xae = (1/N) 3N | xi.

Case 1: The regressor ¢; is PE Vi € V;

Suppose that ¢; (isin(?), icos(t), [it/(t + 1)])T, i €
V, then it is clear that each ¢; satisfies Definition 1. The
following Figs. 3-5 shows the simulation results with the
baseline MRACon [16] and two proposed improved MRACon
laws in Sections III and IV. The parameters used in (7)-(11)
are k = 05,1 = 0.1, 6§ = 0.5, k; = 1. For the coop-
erative identification case (7)-(10) with (22), we further use
Ky = 1.

Case 2: The group of regressors ¢;, i € V, is C-PE;

15 —
— [ - W]
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:10m — s - w|
= Wi —w|
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oL %
0 20 40 60

t

Case 1 (PE): The consensus errors and parameter identification errors of the agents with the proposed improved MRACon (7)—(10) and (22).

Let ¢; = exp~'(isin(?), i cos(?), [it/(t + DPT,ieV - {6},
and ¢¢ = (6sin(z), 6 cos(z), [6¢/(t + DDT. Then, the fact that
only ¢¢ is PE is still sufficient to make the group of ¢;,
i € V satisfy Definition 2. The following Figs. 6-8 shows the
simulation results with the three methods using the same set
of parameters as in Case 1.

An immediate observation is that both proposed improved
MRACon laws accelerate the leaderless consensus of the
agents drastically in both cases (notice the difference in time
scales). The credit should be given to the idea of feedback,
i.e., to close the loop of parameter estimates, which allows to
conclude exponentially convergence of the consensus errors.
It is worth remarking that the performance improvements
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are barely at the cost of more control efforts. For instance,
computing the integral f060 llug(t)||dt in case 2 across all
three methods returns 3354.5, 3356.7 and 3359.2, respectively,
for the baseline and the two improved MRACon laws. This
highlights the efficiency of the proposed framework.

The second observation is about the parameter identification
errors. It can be seen by comparing Figs. 4 and 3 that
the improved MRACon law (7)—(11) leads to much faster
parameter identification when each regressor ¢; is PE. Also,
one can see from Fig. 7 that, when the group of regressors
is C-PE, the improved MRACon law (7)—(11) fails the task
of parameter identification for all agents, and only agent 6
with the PE regressor identifies the real parameter as expected.
In this case, as shown in Fig. 8, the improved MRACon
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Case 2 (C-PE): The consensus errors and parameter identification errors of the agents with the proposed improved MRACon (7)-(10) and (22).

(7)-(10) with the cooperative identification law (22) allows
exact parameter identification for all agents in the network
system. The simulation results agree with theoretical results.

Example 2: In this example, we show how the proposed
methods can be applied to wing rock aircraft group control.
Consider a network of N = 6 aircrafts over the same directed
ring graph as in Example 1. The model of the aircrafts follows
from [28] and [45] as:

_ (0 1 (0  wT
= 3 o=

where f; represents the parameterized aerodynamics with
regressor ¢; = (X1, Xi2, |Xi11%i2, Ix,-2|x,-2,x,3l)T, and coefficient
WT = (0.2314,0.6918, —0.6254, 0.0095, 0.0214): this true

(37
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Algorithm 1: Improved MRACon With Cooperative
Parameter Identification for Aircraft Control (Ex. 2)

Data: (1) Initialize x;, z;, Wi randomly and e;, &;f, @iy,
M;, S; as zero
(2) Preset the reference input r, discrete-time step
h, terminal time Ty
(3) Set parameters k, [, §, k1, k2, I', Knom, Kt

Result: Track to the preset reference model with

parameter identification, for each aircraft

1 Solve « and K;

2T <« 1;

3 while t - h < Ty, do

4 for i < 1to N do

5 Solve u; = Ke; — Wg-qﬁ,' + Vi + Knomxi + Kir;

6 Update e;y, €if, ¢if, M;, Si via (9)-(10);

7 Update z; via z; = Az; + B(¥i + Knomzi + Ki7);

8 Update W; via (22);

9 Update x; via (3);

10 end
11 T« T1T+1;
12 end

-10 :
0 20 40 60 80 100 120
t
0 fin— 11!‘" I
s 1
-10+1 1
|
20" | :
0 20 40 60 80 100 120
t
Fig. 11. States of the aircrafts with the baseline MRACon.

value of W is unknown for control design. The state x;; and x;»
represent the roll angle and roll rate of aircraft i, respectively,
and a single input controls the aileron.

The control goal is such that the roll dynamics of (37) for
all aircrafts can reach consensus, meanwhile, can track the
trajectory of an ideal global reference model with a natural
circular frequency w = 0.4 rad/sec, a damping ratio { =
0.707, with a global reference input r being a square wave
of period 60 s and amplitude 20 rad. This leads to a nominal
state feedback action with state gain Kpom = (—0.16, —0.57),
and reference input gain K, = 0.16, applied to both x and z
loops. The proposed improved MRACon (8)—(10) and (22),

along with the nominal state feedbacks, is applied to each
aircraft. The parameters used are k = 0.01, [ = 0.1, § =
0.3, k1 = 0.5, ko = 0.1, I' = diag(1,3,1,1,0.001). The
following Figs. 9 and 10 show the simulation results where
the consensus tracking goal is achieved, and the real parameter
is successfully identified by all each aircraft. We also simulate
the baseline MRACon under the same initial conditions, and
the results are shown in Figs. 11 and 12. It can be seen that the
baseline MRACon lacks robustness for consensus reference
tracking, and more importantly, fails to identify the unknown
parameters.

To close the section, the pseudo code for the proposed
algorithm (7)-(10) and (22), applied to this aircraft control
problem, is provided in Algorithm 1 for better readability.

VI. CONCLUSION

The problem of leaderless consensus with parameter iden-
tification has been addressed for multiagent systems with
possibly heterogeneous parametric uncertainties over directed
graphs. Two novel improvements on the existing MRACon
solution has been proposed. The first improvement is inspired
by the idea of closed-loop parameter identification, and the
second improvement further expands the proposed framework
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in the sense of cooperative parameter identification. Both
proposed improvements guarantee exponential convergence of
the consensus errors and parameter identification errors. Some
interesting future topics are extensions in the directions of
finite/fixed-time stability, event-triggered communication, and
real-world robot applications such as quadcopters, manipula-
tors, etc.

APPENDIX A
PROOF OF LEMMA 4

Denote the filtered signals as ¢~>i = G(s)¢;. The boundedness
of each ¢; is evident since G(s) is proper stable and ¢; is
bounded (see [18, Lemma 4.8.2]). In the following, we prove
that the group of ¢; is C-PE, i.e., to prove that:

+17 N
/ Z¢l<r)¢,<r> dr > el

Vt>0 (38)

and for some 7, € € R. In the scalar form, (38) is equivalent
to

+T7 N
/ Z 3 dh(r)) dr = €

where £ € R” is any unit vector with ||| = 1. ~
Denote n; = £'¢; and 7; = G(s)n;. Then, 7; = £'¢; since
& does not depend on ¢. This translates (39) into

+1 N
f Y iif(rydr > €
r=n

for some T, € € R;. On the other side, the condition that ¢;
is C-PE is equivalent to

vi>0 (39)

Vi>0 (40)

N

/t*l‘JrTO Z

i=1

n(rydr > e V=0 (41)

for some 7Ty, €p € R4. The problem appears on the relationship
between accumulated truncated L, norms of multiple inputs
and respect outputs of a stable, minimum-phase filter.

Define z; = [a@" /(s + a@)"1n; where a € R, will be specified
later and r is the relative degree of G(s). Then

r

G~ ().

9= (s+a)

It is clear that the transfer function from 7; to z; is proper and
stable. Then, based on [18, Lemma 4.8.2], there exist some
ki1, kir € R4 which may depend on a, such that

t+T +T
/ 2(0)de < ki / R2(0)dr + ko
t t

hold for any ¢, T € Ry. On the other hand, according to the
proof of [18, Lemma 4.8.3], there exist some k;3, ks € Ry
such that

t+T 5 t+T ) ki?
/ ni (v)dr < 2/ zi (t)dr + a_éT + kia
' t

where k;3 depends on the upper bound of (fbi and k;3, kjg are
independent of a.
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Let k; = max;cp{k;}, j=1,2,3,4. Then, for all i € V and
any 1, T € R

t+T t+T
f 2(o)dr < ky / Rdr+h,  @2)
t t

/ i (Ddr < 2/ 7 (v)dr + a—2T+ ky.  (43)
t t

Summarizing over i € V in (42) and (43) yields

+T N 1 +T N
/ > @ (rdr > = / > " (r)dr — Nk
o=l AL
N
1 /1 t+T )
—(= 2(7)d
ki (2 Z/, i (r)de

Nk3 )

\Y

v

- —T Nky — Nkg (44)

Let T = mTy where Ty is deﬁned in (41) and m is a positive
integer to be specified later. Then, it follows from (41) and (45)
that V¢ > 0:

=+1 N
/ Z n; (r)dr >
t

1 meo Nk3
— — — —T Nky — Nky
ki

Nk3T)

1 €

B kl (m< 2 a2
Since k3 is independent of a, one can always select sufficiently
large a such that (ep/2) — [Nk3To/a’] > (€o/4). Meanwhile,
let m be sufficiently large such that m(eg/4) — Nko —Nka > €.
Then, the lower bound (40) is satisfied with € = (eg/k1). In
other words, {¢;|i € Zy} € C-PE(mTy, [€o/k1]). The proof is
completed.

) — Nk — Nk4>.

APPENDIX B
PROOF OF PROPOSITION 2

Substituting (4) and (7) into (3) yields

= (A + BK)e; — BW] . (45)
Applying the filter H(s) to both sides of (45) yields
éif = (A + BK)es — BH(s) (V"V,T ¢i). (46)

By swapping lemma [18, Lemma A.1]

HO(W6) = WTHOG — - (WH68) @)
= Wiy — HE) (kW] iy

= Wi —eis.
Then
éif = (A+ BK)eis — BW] ¢ s + Bei f. (48)

Note that é;y = ([e; —eis]/k) by design. Then, it follows
from (48) and the definition of E; that:

E; = BW;I—(b,‘f. 49)
Solving M; in (8) gives
t
M; =§ / e—“f—”(pi,fﬁfdr. (50)
0
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Then, substituting (49)-(50) into the dynamics of S; yields
t .
Si = —1S; — 8¢pi s} Wi — 8 /0 e 0y s dT Wi (51)

Left-multiplying e/ to both sides of (51), followed by some
manipulations, gives the complete differential form:

aeisy  —0d(Wi fy e gisa] dr)

= . 52
dr dt (52)
After taking the integral of (52), one has
t
S, = —sW; / e’f¢>,»,f¢,.der +C (53)
0

for a constant C. Note that C = 0 since S;(0) = 0. Then,
S; = —M;W; holds. The proof of statement 2) can be found
in [28], thus it can be omitted.

APPENDIX C
PROOF OF PROPOSITION 4

From (50), one has

N

My=48 / e, sl dr.
. 0
i=1

Then Vi> T’

N ¢
My>8Y / e 0y pg] dr
=1 /=T

(54)

t N
> §e'T / . qui,fﬁfdr >se” M, (55)
=T =

where the fact that e~/—7) > e T for any T € [t —T',1]
and Proposition 3 have been used to obtain the second and
the last inequality, respectively. Then, Proposition 4 holds with
o' =8¢ !T
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