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Distributed Neuro-Adaptive Formation Control
for Uncertain Multi-Agent Systems:
Node- and Edge-Based Designs

Dongdong Yue ™, Jinde Cao

Abstract—Distributed neuro-adaptive Time-Varying Formation
(TVF) control for multi-agent systems with matching unknown
nonlinearities is considered. According to different perspectives of
the dynamical coupling strengths between the agents, two control
strategies, named node- and edge-based, are designed and analyzed
in the framework of Lyapunov theory, respectively. With the help
of neural networks and nonsmooth analysis, both controllers
guarantee the robust asymptotical convergence of the TVF errors
and can also resist unknown matching disturbances. Node-based
design is found to be fully-distributed, which does not depend
on any global information, meanwhile the edge-based design
is applicable for TVF on switching graphs. Some numerical
simulations are provided to support the theoretical results.

Index Terms—adaptive control, formation control, multi-agent
systems, neural network.

1. INTRODUCTION

VER the past two decades, there have been significant

research efforts focusing on Multi-Agent Systems
(MASSs) due to their practical as well as theoretical values. Prac-
tically, MASs can be used to model various network systems in
industry, engineering, sports, such as multiple robots with sens-
ing and acting capabilities, vehicles in traffic, players in syn-
chronized swimming, etc. Theoretically, to discover inner
mechanisms between the individuals and the community is
challenging as well as interesting itself. For instance, fully-
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distributed control [1]-[3], i.e., controlling the individuals with-
out a need of any global information or central commander, and
control of switching network system [4] are two of the research
hot spots recently.

Formation control, as one of the most active fields in MAS
community, generally aims to drive multiple agents to span
some geometrical shapes. Depending on the inherent dynam-
ics and the constrains on the network, various of formation
control problems have been studied in the literature, see [5]-
[8] and the references therein. Based on different formation
tasks, the studies on formation can be roughly divided into the
time-invariant formation, Time-Varying Formation (TVF) and
Time-Varying Formation Tracking (TVFT) [9]. Consensus-
based formation control [10] is an established methodology to
accomplish these formation tasks in a distributed way.

On the one hand, the consensus-based formation control has
been well understood for Linear Time-Invariant MASs (LTI-
MASSs). For instance, formation control problem has been
addressed for first-order MASs in [9] and general LTI-MASs
n [11], both with finite-time convergence properties, and second-
order MASs in [12] with communication delays. TVF protocols
have been considered for high-order LTI-MASs in [13] in the
presence of time delays, and in [14] with switching digraphs.
Thereafter, TVFT with multiple leader agents has been analyzed
in [15]. Robust formation problems for discrete time LTI-MASs
subject to stochastic disturbances and model uncertainties have
been addressed in [16] through an iterative learning approach.
Cluster formation for LTI-MASs under aperiodic sampling and
communication delays has been developed in [17]. Fully-distrib-
uted adaptive TVF can be found recently in [18], [19].

On the other hand, the studies on formation control of nonlin-
ear MASs are far from being rich and some relevant works are
simply surveyed in the following. For first-order nonlinear
MAS:s, [20] has studied the formation control problem via the
iterative learning control. [21] has studied the optimized forma-
tion control by using fuzzy logic systems and reinforcement
learning. For second-order nonlinear MASs, Neural Network
(NN) based adaptive output feedback formation control with
unknown nonlinear functions and bounded disturbances has
been considered in [22]. NN-based TVFT with multiple leaders
has been studied in [23]. When the nonlinearities are locally
Lipschitz, a class of nonsmooth leader-following asymptotic
formation controller has been designed in [24]. For higher-order
nonlinear systems, [25] has considered the TVFT problem with
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Lipschitz nonlinearity and unknown disturbances by designing
disturbance observers. Recently, [26] has addressed the robust
TVFT problem for a general class of high-order nonlinear
MASs with matching bounded model uncertainties and distur-
bances, whereas the design process is dependent on the commu-
nication topologies, thus it is not fully-distributed.

It is well known that one advantage of adaptive control in
comparison with robust control is that the no boundness informa-
tion is required on the model uncertainties. By leveraging the
great nonlinear function approaching capability of the
NNs, [27]-[30] have recently investigated the leader-follower
consensus control problems for unknown first-order, second-
order, higher-order and matching nonlinear MASs, respectively.
More recently in [31], the asymptotic neuro-adaptive contain-
ment control of MASs with unmodelled dynamics has been real-
ized by defining a novel pseudo ideal weight matrix for each
agent. Even though, the results in these aforementioned contribu-
tions are not fully-distributed either, as the underlying Laplacian
spectrums are still required when designing the protocols. The
extension of the NN-based method to adaptive TVF problem for
nonlinear MASSs is open, partly motivating the study of this work.

The state-of-the-art adaptive TVF problems in the literature
can be roughly divided into two classes. For the first class, the
purpose of adaptive control is to approximate the uncertainties
in the dynamics of the agents, see [22], [23] for example. These
works often rely on NN, fuzzy logic or other intelligent control
tools, yet one drawback is that the design process often requires
the knowledge of the Laplacian eigenvalues. For the second
class, the purpose of adaptive control is to decouple the control-
ler design with the network Laplacian, see [18], [19] for exam-
ple. These works focus on designing suitable time-varying
coupling weights, leading to fully-distributed schemes, while
the dynamics of the agents are often well understood with less
uncertainties. An interesting problem is whether the advantages
of the above two strategies can be merged together, and the
study of this work give a positive answer. This paper studies
the NN-based distributed adaptive TVF control for a class of
MASs with matching unknown nonlinearities. Here the nonli-
nearities are either suppressed by known functions, nor
assumed to be Lipschitz continuous thanks to the capability of
the NNs to approximate nonlinear functions. The main contri-
butions can be summarized into the following four aspects:

e In comparison with adaptive TVF problems in [18],
[19], the considered agent dynamics are not LTI, but
more general nonlinear, which is more challenging.

e The results extend those of [30], [32], [33] from consen-
sus to formation control.

e In comparison with [22], [23], [30], [31], node-based
fully-distributed controller for uncertain MASs is devel-
oped by incorporating adaptive strategies in the cou-
pling weights, which enhances the flexibility for control
and convenience for maintenance.

e By introducing the concept of pseudo ideal weight
matrix [31], Semi-Global Asymptotic Time-Varying For-
mation (SGA-TVF) is achieved, while traditional NN-
based analysis in [27]-[30] leads to Semi-Global Ulti-
mately Uniformly Bounded (SGUUB) residual errors.
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The remaining of this paper is organized as follows. In
Section II, some preliminaries and problem statement are for-
mulated. In Section III, main results are presented through
two subsections focusing on the node- and edge—based
designs respectively. In Section IV, two different TVF instan-
ces are simulated and analysed with the proposed controllers.
Section V finally summarizes the whole paper and discusses
potential topics in the future.

II. PRELIMINARIES AND PROBLEM STATEMENT
A. Notations, Graph Theory, and Useful Lemmas

In this paper, R (resp. R"), R™, R"*? denote the sets of real
(resp. real positive) scalars, n-dimensional vectors, n X p
matrices, respectively. Let I, and 1, be the n x n identity
matrix, and n-dimensional column vector with all elements
being one, respectively. Constant zero, zero vectors and zero
matrices are all denoted by 0 if no conflict will arise. For a vec-

torz = (z1,...,2,)" € R", ||e| = VaTz, o], = S0, foil,
|x;| denote the standard Euclidean norm, I-norm, p-norm
(p € [1, 0]), and co-norm, respectively. For a square matrix A,
tr(A)isits trace, A > 0 (resp. A > 0) means that A is positive
definite (resp. semi-definite) and Ay(A) is the minimum non-
zero eigenvalue if A > 0. || B|| = \/tr(B” B) is the Frobenius
norm of a matrix B which is not necessarily square. Let Z,, =
{1,2,...,n}, and col(xy,...,x,) = (x17,...,2,7)" is the
column vectorization of vectors (matrices) x;, ¢ € Z,,. diag(+)
is the diagonalization operator and sgn(-) is the signum func-
tion defined component-wise.

An undirected (simple) graph G is specified by a node set V
and an edge set &. (7, j) € £ means that there are bidirectional
links between 7 and j. In this case, j is a neighbor of 4, denoted
by j€ N, and vice versa. The adjacency matrix of G is
A = (a;;) € RV*VI where a;; = 1 if (i,7) € &, and 0 other-
wise. The incidence matrix of G (with a specific orientation) is
E = (Ey) € RVXIEl where Ej;, = 1if the vertex i is the head
of the edge k, —1 if ¢ is the tail of k, and O otherwise. The Lap-
lacian matrix of G is £ = (I;;) € RV*IVI where lij = —a;,
1% j, and [; = Zmlﬁk# ik, € Z)y|. An undirected path on
from vertex v; to v, corresponds to a sequence of ordered
edges (vp,Vp+1),p € Zs—1. G is said to be connected if there
exists a path between each pair of distinct nodes.

Lemma 1 ([6]): For a connected graph G with N nodes, £
has a simple eigenvalue A\; = 0 with 1y as a corresponding
right eigenvector, and the rest of the eigenvalues are positive.
Moreover, X\y(£) = min, #01T 2=0 ITT,—‘;Z

Lemma 2 ([34]): For matrices A, B, C, D with appropriate
dimensions, the following computation laws hold for the Kro-
necker product ®:

(1) (yA)@ B=A® (yB)=y(A® B),y € R.

2 (AoB)" =AT @ BT,

3) A (B+(C)=A®B+A®C.

4 (A®B)(C®D)=AC® BD.

Lemma 3 ([35]): (Holder inequality) Let (S, 2, i) be a mea-
sure space and let p,q € [1,00] with %—i— % = 1. Then, for all

measurable functions f and g on S, one has || fgl| < [/ £, llgll,-
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B. Problem Statement

Consider a class of nonlinear MASs consisting of N agents as

i (t) = Azi(t) + B(fi(zi) + wi(t)),

where z; € R", and u; € R are the state and control signals of
agent i, respectively. A, B are known matrices with compatible
dimensions such that (A, B) is stabilizable. f;(z;) : R"—R™ is
an unknown but smooth nonlinear function modelling the
matching inherent dynamics of agent ¢. Standard assumptions
for the existence of unique solutions are made. The communi-
cation topology among the N agents is denoted by G(V, £, A).

A prescribed TVF can be described as an aggregated vector
h(t) = col(hy(t), ho(t), ..., hn(t)), where h;(-), i € Iy, is
the piecewise continuously differential vector containing the
formation command for agent 7.

Definition 1: TVF h(t) is said to be achieved by MASs (1) if,
for any given bounded initial states, there holds limy; . ((z; —
hi) = (xj = h;)) = 0, Vi, j € In.

The control goal is to design w;(t) for agent 7, based on its
available neighboring information, such that the TVF problem
defined in the above can be tackled without the knowledge of
the communication Laplacian spectrums.

Remark 1: The MAS dynamics considered in (1) is quite
general, which covers first-order nonlinear one in [27], sec-
ond-order nonlinear one in [28] and higher-order nonlinear
one in [29], when (A, B) are chosen properly. Moreover,
when f;(x;) = 0, the problem reduces to the TVF for general
linear time invariant MASs discussed in [13], [18], [19]. From
Definition 1, the TVF problem degenerates to the specific dis-
tributed consensus problems [1], [33] when h(t) = 0.

1€In (1)

C. Approximation of f;(-) Using Neural Networks

Neural networks are used to approximate the unknown nonli-
nearities of the system. Let f;(x;) be smooth on a compact set
Q, C R", then the well-known Stone-Weierstrass approxima-
tion theorem [36] guarantees that with a sufficient large scalar
g, there exists an ideal weight matrix W; € R?*" such that

where S;(+) : R™—R is the stacked vector of activation func-
tions of the ¢ hidden layer neurons, and ¢; is the approximation
error satisfying ||¢;(t)|| < e;p; with arbitrarily pre-designed
error bound ¢;;; > 0.

The estimator of f;(x;) is denoted by

fz(xz) =

where I/f/I(t) is a time-varying weight matrix to approximate
W; and will be designed later.

= WISi(2;) +ei(t) Vi € Q, )

W (t)Si(xs), 3)

Denote = = col(ml, oo an), flz) = ol(fl(asl) s fn(xw)),
W = diag(W1, - WN S(x) = col(S1(z1), .-, Sv (),
€(t) = col(ex (1), ( 1), flz)= 001(f1($1)» o (@),
W(t) = diag(W, (¢t ) Wy (t)). Then, from (2) and (3), one has

) =WTS(x) + (), “)
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€@l oo

for some threshold €, > 0, and

S EN (5)

@) =W (1)S(x). ©)
The following gives some standard assumptions in the NN-
based literature.
Assumption 1 ([27]-[29]):
e The unknown ideal NN weight matrix W, is bounded
Vi, so that ||W|| z < W)y
e The NN activation functions S; are bounded Vi € 7 y
and z € ,, so that ||S(z) || < Sy
Remark 2: In Assumption 1, the constants W}, Sy, and €,
could be unknown for the controller design, and serve only for
the theoretical analysis. Besides, one can reach neither the
ideal NN weight nor the zero functional approximation error
in practice. Note that f is not allowed to depend explicitly on
time, though this does not hurt the generality since one can
easily turn the non-autonomous equations into autonomous
ones by introducing x,,+1 = t [37].

III. MAIN RESULTS

This section formulates two different strategies for TVF
being node-based and edge-based, respectively. In order to
clarify the design processes, some symbols are specified as
dj =T; — hi, e, = dl — L\,vazl d]' and 6i = Z]ALI Cbij(di — dj)
Here d; is the distance between current state and desired forma-
tion state of agent ¢, and e; is the global formation error ana-
lysed from the viewpoint of agent ¢, while §; is the neighboring
formation error actually measured by agent ¢:. Moreover, let
h=col(hy,...,hy),d=col(d,...,dy),e=col(e,...,en),
8 =col(d1,...,8y) and & =1y — %1N1T, then we have e =
(E®I,)dand § = (L ®I,)e. It is obvious that Z has a simple

—

eigenvalue 0 and N — 1 multiple eigenvalue 1, and 52 = Z.

A. Fully Distributed TVF: Node-Based Strategy

In this subsection, fully-distributed TVF is analysed, where
the control process does not depend on any global information.

Assumption 2: The communication topology G among the
N agents is undirected and connected.

For agent ¢, let «;(t) and B;(t) be some certain dynamic
coupling strengths for neighboring feedback signal §;, and
introduce W, (t) as the pseudo ideal weight matrix for the NN
estimator. Then, the dynamic controller for agent 4, ¢ € Zy, i
proposed as

u; = Ko.’Ej -+ Kldl + a,(t)KQ&

+ B (t)sgn(Kq8:) — W (£)Si(x;)
&; = p;8! T8
.Bi = vi|[ K28l
Wi = 1,[Si(2:)8T P~ B — o (Wi — Wi(1))]
Wi = Yio(W; - W), (7)
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Algorithm 1: Fully-distributed TVF Controller Design
1) Find K such that the following TVF feasibility condition
(A+ BKo)(hi — hyj) — (hi = h;) =0 (8)
holds Vi € Zy and j € N;. If such K| exists, continue; else, the
algorithm stops, in which case the specified TVF A(t) is not fea-
sible for MAS (1) under protocol (7).

2) Choose K such that (A + BKy + BK7, B) is stabilizable and ),
6 € R™, then solve the following Linear Matrix Inequality (LMI):

(A + BK, + BK,)P + P(A + BK, + BK;)"
~nBB" +6P <0 9)
togeta P > 0.
3) Design Ky = —BTP~!, I'= P"'BBTP~! and choose small
scalars PisVi; Ty, O, lr[/i‘

where K,, K;, K, and I' are feedback gain matrices,
0iy Vi, Tiy 0, ; € RT and P > 0 is a positive definite matrix.
These parameters will be designed later.

Remark 3: The controller consists of three feedback terms
and a compensation term. The gain K| is to be designed to
make the time-varying formation h(-) feasible; the gain K
controls the average formation signal, i.e., % > jeTy d;; finally,
the gain K> is a consensus gain. The compensation term is to
eliminate after identifying the nonlinear effects online.

The whole design process is summarized in Algorithm 1,
and analyzed in the following theorem.

Theorem 1: Under Assumptions 1 and 2, and feasibility con-
dition (8), the TVF problem in Definition 1 can be solved with
protocol (7) along with the parameters designed in Algorithm 1.

Proof: Denote W;(t) = W;i(t) — W; as the NN weight
approximation errors. Substitute f;(x;) in (2) and u; in (7) into
(1), and some manipulation gives the dynamics of z; as

Let M, (t) = diag(ai,...,an), Moa(t) = diag(py,...,By)
and W (t) = W(t) — W, one has the dynamics of the stacked
states x as

T = [IV ® (A + BKy + BKl)]J) + (M1 (9 BKQ)(S
+ (M2 @ B)sgn((Iy ® K3)8)
— (Iy @ BY(W'S(x) — €) — (Iy ® BK})h.

Thereafter, the dynamics of d and e can be obtained as

(11)

d=[Iy ® (A+ BK, + BK))]d + (ML ® BK,)d
+ (M3 @ B)sgn((£ ® K»)d)
— (Iy @ B)(W'S(z) —¢)
+ (Iy ® (A + BKy))h — h,
=[Iy ® (A+ BKy+ BK;) + EM,L ® BK>le
+ (EMs ® B)sgn((L ®@ K>)e)
— (2@ B)(W'S(x) —¢)
+ ( (E@1,)h,

E® (A+ BK,))h — (13)

(12)
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where we have used Lemma 2 and the fact that, under
Assumption 2, LZ = EL = L. It is clear that e = 0 is equiva-
lenttod; = dy = --- = dy, i.e., the TVF is realized.

Denote T = diag(ty,...,ty), W = W — W, ¥ = diag(¢y, . . -,
¥y ). Consider the Lyapunov function candidate as

1
Vi=5e (Lo P e

(ei(t) —@)° ;
L + ]
Pi Vi

+

B

—_

1=

tr(Wre W + WTw_lﬁ)

N = DN =

+ (14)

where P is a solution of (9) and @, 8 € R* are to be deter-
mined later.
Given (7), the time derivative of V) along (13) is
Vi =el'l[L ® P~Y(A + BKy + BK)) + LML ® P"'BK>]e
+ el (LM ® P! B)sgn((£ ® K»)e)
— (Lo P B)(WTS(z) - ¢)

(Lo P! (A+BK(J)) e'(Lw Pk
N

+ (@i(t) — @)s!Ts; +Z B)IIK28il,
i=1
N

+ 3 (W (Si(i)s] P B — o(Wi = W)

(15)
Now that the feasibility condition (8) is satisfied, one has

(L ® (A+ BKy)h— (L®1,)h =0. (16)

Then, according to step 3) of Algorithm 1, one has
e’ (LML ® P'BK,)e

=—e'(LoL) M, @ P'BB'PH(LI,)e
=My aT)8

N
i=1

(17)
and
e’ (LMy ® P™' B)sgn((£L © Ky)e)
- 5T(M2 ® K3 )sgn((Iy ® K>)5)

S Z,B
— Y AWK,
i=1

where we have used the fact that 27sgn(x) = |||, for an arbi-
trary real column vector x to get the last equality.

Moreover, since tr(XY) = tr(YX) holds for any compati-
ble matrices X, Y, one has

t)8! K3 sgn(Ks$;)

(18)
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N
(Lo P B) (W S(z)) = tr(W]'Si(x:)8] P~'B). (19)
=1

Combining (15)-(19) and some manipulations gives

Vi = "L ® P~ (A + BK, + BK))]e
+eT(L® P 'B)e

N N

—ay 8T8 — B> ||Kabil,
i=1 1=1

— o[ W — W[5

Introduce € = (Iy ® P~!)e, one can obtain that

o1
Vi = §ET[£ ® ((A+ BKy + BK,)P

+ P(A+ BK, + BK))") — 2a£? @ BB")e
+ e (L® B)e— B|(L® B e,
—o||W - W%

1
< §éT[£ ® ((A+ BKy+ BK;)P
+ P(A+ BK, + BK,)") — 2a£? ® BB"]e

— (B—eanl(L® Bl (1)

where (5) and Lemma 3 have been used to get the inequality.
Since G is connected, it follows from Lemma 1 that £ is
positive semi-definite with a simple eigenvalue 0. Then there
exists a unitary matrix U = [I—X ,Y1] with Y, € RV*V=1) such
that UTLU = A 2diag(0, \g, ..., Ay), where Ay < --- < Ay
are the positive eigenvalues of £. By further leTtting € =col
(é1,...,éx) = (UT®1,)e, one has ¢é = (%@ I,)e=0
immediately. Then, it can be derived from (21) that

. 1
Vi < 5 [L® ((A+ BKy + BK))P
+ P(A+ BK, + BK))") — 2a£? @ BB")e
—(B—em)|(L® Bel,

1 N
52 Nél (A + BK, + BK,)P
=2

+ P(A + BK, + BK,)" — 2a\;BB")¢

— (B—en)ll(® B el (22)

Choose @ and B sufficiently large such that @ > 2/\#(5) and
B > e, then it follows from (22) and LMI (9) that ~~

Vi < —géT(A ® P)é = —geT(ﬁ @ P Ne. (23)
Now £ >0 and P > 0, then V4(¢) is nonincreasing, which
guarantees that all the signals e, a;(t), B;(t), W and W in
Vi(t) are bounded. From (13) and Assumption 1, é is also
bounded, then the function §e’ (£ ® P~')e is uniformly con-
tinuous. Since Vi (t) < V;(0) and is nonincreasing, it thus has
a finite limit V> as ¢ — oo. In fact,

IEEE TRANSACTIONS ON NETWORK SCIENCE AND ENGINEERING, VOL. 7, NO. 4, OCTOBER-DECEMBER 2020

Vi(0) — vy~

5 24)

/ﬂo ge(t)T(ﬁ ®@ P Ye(t)dt <
0

By utilizing the well-known Barbalat’s Lemma [38], lim;_, geT
(L ® P~1)e = 0. Note that ¢; = 0, one has lim; ., e = 0, méan-
ing that llmfg,x((l} — h7) — (.Z‘j - h,j)) =0, VZ,j € Zyn. The
TVF is realized and the proof is ended. |

Remark 4: The feasibility condition (8) (as well as (26) in
subsection III-B) is necessary for TVF problems, and can also
be found in [13], [18]. From (8), the gain K, is to make the
TVF h(-) feasible as stated in Remark 3. Traditional methods
for time-invariant formations [39] can not be used directly for
TVF problems in this paper.

Remark 5: 1In fact, the existence of the signum function in
(10) reflects that the dynamics of x, and consequently of e, are
both discontinuous. Therefore, the stability analysis should be
performed in context of differential inclusions and nonsmooth
theory [40]. Since the signum function is measurable and
essentially bounded, the solutions for (13) always exist in the
sense of Filippov. Note that the Lyapunov candidate (14) is
continuous differentiable and its set-valued Lie derivative is a
singleton at the discontinuous point, the proof still holds.
More details can be found in [33] and the references therein.
Along this paper, differential inclusions are not incorporated
in the proofs to avoid symbol redundancy.

B. TVF on Switching Graphs: Edge-Based Strategy

In this subsection, a class of edge-based protocol is studied,
which is found to be applicable for MASs with switching con-
nected communications. This part is the natural extension from
consensus control in precious work to formation control of MASs.

The communication topology of the agents at time ¢ is
denoted by G(t) € G°, where G° = {gl,QQ, ce g’} is the set
of all possible communication graphs. The corresponding inci-
dence matrix is denoted by the time-varying matrix E(t), and
JEN f if agent 7 is a neighbor of agent ¢ at time ¢.

Assumption 3: All the [ possible communication graphs in
G’ are undirected and connected.

For each possible link between agent 7 and j, let o;; and B;;
be dome certain dynamic coupling strength for the feedback
signal d; — d;, and consistently let W;(¢) be the pseudo ideal
weight matrix for the NN estimator. Then, the dynamic con-
troller for agent 4, ¢ € 7, is proposed as

ui = Kowi + Kydi + (8 Ks(d; — dy)
jeN!

+ Z Bi;(t)sgn(Ka(d; — dj))

jent
— W' (£)Si(z:)
by = pyds = )T =) €N
'Bij = v;|| Ka(d; — d;) || JG./V'z
Wi = [Si(wi)el P~'B — o(W;, — W,(t))
W

V, = vio(W; = W,), (25)
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Algorithm 2: Controller Design for TVF on Switching Graphs

1) Find K such that the following TVF feasibility condition
(A+ BKo)h; — h; =0 (26)
holds Vi € Z . If such K| exists, continue; else, the algorithm
stops, in which case the specified TVF A(t) is not feasible for
MAS (1) under protocol (25).

2) Design K7, K5 and I" following step 2) and step 3) successively
in Algorithm 1, and choose small scalars p;;, vij, Ti, 0, ;.

where K, K;, K, and T' are feedback gain matrices,
Pij» Vijs Ti, 0, ¥ € R*,and P > 0is a positive definite matrix.

Initialize o;;(0) = a;;(0) and B;;(0) = B;;(0), then both
a;; and B;; admit certain symmetric property, for instance,
aij(t) = aji(t).

Similarly, the design process of this protocol is summarized
in Algorithm 2, and analyzed in the following theorem.

Theorem 2: Under Assumptions 1 and 3, and feasibility
condition (26), the TVF problem in Definition 1 can be solved
with protocol (25) along with parameters designed in
Algorithm 2.

Proof: Without specific instructions, the symbols of the NN
estimators in this proof are the same as those in the proof of The-
orem 1. Substitute f;(z;) in (2) and u; in (25) into (1), and notice
the definition of d;, one can compute the dynamics of d as

d = [Iy ® (A + BK, + BK,)|d + (EM3E" @ BK,)d
+(EMy @ B)sgn((E" ® K»)d)
—(Iy® B)(WTS(I) —€)

+ (Iy ® (A + BEy))h — h, (27)

where M;(t) = diag(a;;), My(t) = diag(;;). Here both the
components «;;, B;; are fed in congruent with the edge index
of the incidence matrix E(t), i.e., the column index.

Since the feasibility condition (26) is satisfied, one has
(Iy ® (A4 BKy))h — h = 0. Under Assumption 3, ZE(t) =
E(t) holds Vt. Moreover, it is known that e = (£ ® I,,)d, so
one has the dynamics of e as

é = [Ixy ® (A + BK, + BK,) + EM3E" @ BK)le
+ (EM, ® B)sgn((E" @ Ks)e)

—(E@B)(W'S(z) —¢) (28)
Consider the common Lyapunov function candidate:
L 7o -1
Vo = 3¢ (E@ P e
N 12 22
. lz (a5(t) — @) N (B;(t) = B)
4 = o Pij Vij
1 ~ ~ = ~
(W W'y W), (29)

where P is a solution of (9) and &,B € R* are to be deter-
mined later.
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The derivative of V5 along (28) under (25) can be obtained as

V=€lZ®

P '(A+ BK, + BK))
+ EM3E" @ P"'BK,)e

+ e (EMy® P7'B)sgn((ET @ K>)e)

—e"(E@ PT'B)(W'S(z) — )
1 N
52 2 lei(t) = &)(d; — ;) T(di — d))
i= 1]€Nf
+ (B(t) = BIK(d; — ;)]
N
+ ) tr(W(Si(ai)el P7'B — o(W; = W3)))
i=1
N =T
+oy (W, (Wi = Wy) (30)
i=1
Since Ky = —BT'PlandI' = P'BBTP~!, one has
' (EM3E" ® P7'BK))e
N
= —12 > aij(t)(ei —e)) PBB P (e; —¢))
=1 jent
1 -
=32 > a(t)(d; —d)'T(d; — d)), (31)
=1 jeN!
and
eT(EM4 ® P 'B)sgn((ET @ BT P 1)e)
= —Z > BB P (e —e))lly
jEN[
:__ZZﬁu |K2 l)”l (32>
]GNf

Furthermore, similar to (19), one has

N
"(E@ P B) (W S(x) =Y tr(W/S;(z:)e] P7'B). (33)
i=1

It then follows from (30)-(33) and some manipulations that

(A + BK, + BK))]e
P 'B)e

+B||K2(di -
—o|W - W[}

;)]
(34)
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Leté = (Iy ® P1)e and note £(t) = EE" one has

o1
Vy = iéT[E ® ((A+ BK, + BK;)P

+ P(A+ BKy + BK,)") — 2a£(t) ® BB"|e
+e'(E® B)e — B||(E® BY)e||,
—o||W - W%

1
< ¢"[E® ((A+ BKq+ BK))P

+ P(A+ BK, + BK,)") — 2a£(t) ® BB"e

— (B—eanl(E® B )el,. (35)

Denote \ = min{/\g(ﬁlz, X (£2),..., (L)} and choose

a, ,B such that & > % and B > ¢;;. Then it follows from (35)
and LMI (9) that  ~

Va < —géT(E ® P)e = —geT(E @ P Ne.  (36)
The following analysis is similar as that for (23) in the proof
of Theorem (1), and the Barbalat’s Lemma guarantees that
lim; ., e = 0, i.e., the TVF is realized. The proof is completed. ®

Remark 6: Tt should be mentioned that the proposed con-
trollers (7) and (25) are also valid when the dynamics of x;
suffers from matching bounded disturbance w;, as is consid-
ered in [30], [31]. This can be shown by a few modifications
in the proofs, thus the details are omitted for brevity.

Remark 7: Since the NN approximation processes are valid
on a compact set {3, C R", our results are semi-global once the
structure of the NN is selected. However, if f;(z;) is smooth
over R" and as many hidden neurons can be chosen, the size of
(), can be arbitrarily large in the NNs. In this case, the results
will be global [41]. Nevertheless, in comparison with tradition
NN-based methods in [27], [29], [30] where the residual errors
are SGUUB, SGA-TVF is realized in this paper.

Remark 8: A practical issue when implementing the proto-
cols is that the dynamic coupling gains may increase slowly
because of numerical errors, chattering effects or disturban-
ces [42], and even destroy the stability as ¢ — oo. To handle
this issue, one can introduce some small scalar r, then update
;, B; in (7) whenever ||8;|| > r, and a5, B;; in (25) whenever
lld; — dj|| > 7. On the contrary of either case, one can hold
steadily the corresponding coupling gains. Then, as long as
the TVF errors converge into some desirable bound, the adap-
tive parameters converge to some finite values.

Let us take a close look at the protocols and the proofs. On
the one hand, the node-based design (7) is fully-distributed,
but only applicable to MASs with fixed communication topol-
ogy since the Lyapunov candidate (14) is dependent on the
Laplacian matrix £. On the other hand, though the edge-based
design (25) does need a central data collector recoding d;,
t € Ty, when estimating the ideal NN weight matrices, it can
be applicable to MASs with switching communication graphs.
These interesting observations help us decide that which pro-
tocol is preferential in practice, as will be seen in the following
numerical examples.
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Fig. 1. Communication topology for Example 1.

IV. NUMERICAL EXAMPLES

In this section, two numerical examples are presented to
verify the theoretical results. For both examples, single layer
NNs with 36 hidden neurons and sigmoid hidden activation
functions are utilized to approximate the unknown nonlinear
functions. The initial positions of the agents are chosen from a
Gaussian distribution with standard deviation 3.

A. Fully-Distributed TVF: Node-Based

It is common in practical network systems that the commu-
nication channels are fixed but their quantitativeness is rela-
tively large. In this case, node-based protocol (7) is superior to
solve the TVF problem.

Example 1: Consider a third-order MAS (1) with N = 12,

0 1 1 0
A= 1 2 1 |.B=|o0
-2 -10 -3 1

fi(xi (t)) = ’L'Iﬂ sin (.177‘,2)7 w; (t) = 0.1cos (Zt), (37)
where w; (t) is the matching disturbance in Remark 6. The com-
munication topology is chosen as in Fig. 1. The required TVF is
two nested hexagons with h;(t) = (sin (¢ + (7'731)”)7 —cos (t +
@), 2cos (t + %)T for i € Zg, and h;(t) =L hi_(t) for
1 €119 —TLg.

Let Ky = (0,4,0), it is easy to verify that the feasibility
condition (8) holds. Since A + BK is stabilizable, we choose
K, =1(0,0,0). Following Algorithm 1, let n =2 and 6 =1,
and solve (9) to give

5.9910 0.1493  —5.9611
P={ 0.1493 0.3866 —1.1662
-5.9611 —1.1662 9.1486

Set

Ky =(—1.8121 — 5.1855 — 1.9510),

3.2836  9.3966  3.5354
9.3966 26.8899 10.1172 |,
3.5354 10.1172  3.8065

F:
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Fig. 2. Snapshots of all agents at t =0 5,20 s, 30 s, and 50 s. The circles
and triangles are used to mark the agents i € Z and the agents ¢ € Z12 — Zs,
respectively.
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& e I 0
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"~/
0 -50
0 10 20 30 40 50 0 10 20 30 40 50

t t

Fig. 3. Control inputs u; (upper left), adaptive coupling weights «; (upper
right) and B; (lower left), and component-wise values of W; — W, (lower
right), e =1,...,6.

and choose p; =v; = 0.1, 7; = ¢; = 100, o = 0.6. Then all
the conditions of Theorem 1 are satisfied. Considering Remark
8, one can introduce r = 0.1.

Solve the TVF with protocol (7), and several snapshots of
the agents are provided in Fig. 2, showing that the nested hex-
agons emerge and keep rotating synchronously. The control
inputs as well as the auxiliary variables are shown in Fig. 3. It
can be seen that all the adaptive coupling weights «; and g;
converge to some finite values, and the estimated ideal weight
matrices converge to the pseudo ones.

Define the global formation error as e (t) =

it eI,

then ey converges to zero, as shown in Fig. 4. To highlight the

necessity of the NN compensation term in the proposed proto-
cols, we drop off the last term of w; in (7). The global formation
error does not converge to zero, and only practical TVF with
bounded formation error is realized, as shown in the right half
of Fig. 4.
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er
o
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o

N

0 10 20 30 40 50 0 10 20 30 40 50
t t

Fig. 4. The global formation error with (left) and without (right) NN com-
pensation term in (7).

S

Fig. 5. The possible communication topologies (Star and Ring) for Example 2.

B. TVF on Switching Graphs: Edge-Based

In many cases, the communication graphs in the network
systems are much sparser, but may switch within several
modes. In these situations, the edge-based protocol (25) is an
effective candidate for the TVF on switching graphs.

Example 2: Consider a second-order MAS (1) with N = 6,

0 1 0
A = JB = 9
-1 2 1
filzi(t)) w;(t) = 0.1 cos (it),
The communication graph is assumed randomly switching every

2 seconds between the star graph and the ring graph depicted in
Fig. 5. The desired TVF is an equilateral triangle specified by

(38)

= 1T1Ti2,

hi(t) = (2sin (t + 2597) 2 cos (¢ + 25T) T for i€ Ty,
and hi():(sm(t—&—% U7 4 1), cos (t + 2 1)”—l—n))T for
1 €L —1Is.

With K
lowing Algorithm 1, choose K3
solve (9) to give

P (

Ky = (—2.9967, —2.6594),

= (0, —2), the feasibility condition (26) hold. Fol-
= Ky, n =3 and 6 = 2, and

0.6855

—0.7725

—0.7725
1.2465

Set

r— 8.9805 7.9694
T\ 7.9694 7.0722

Let p;; = vi; = 0.02 and again 7; = ¥; = 100, o0 = 0.5, all the
conditions of Theorem 2 are satisfied. Considering Remark 8,
we finally choose r = 0.05.

The switching signal is shown in Fig. 6. The profiles of the
agents are in Fig. 7, showing how the triangle emerges and
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Fig. 6. Switching signal.
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Fig. 7. Profiles of the agents x;, i € Zs, where the broken lines are used to

denote the trajectories of the agents, and the circles are used to mark the agents
att =0 5,10 sand 20 s.

rotates. The control inputs as well as the auxiliary variables
are provided in Fig. 8, where the adaptive variables «;; and B;;
for all nine possible communication channels converge to
some finite values, and the estimated ideal weight matrices
converge to the pseudo ones.

The global formation error e(t) = ]/%2?21 lles (£)||* con-
verges to zero, as shown in Fig. 9. The formation error without
the NN compensation term is also shown in Fig. 9, where e(t)

does not converge to zero, and blow up to infinity at about
t = 10.5 s. Once more, the simplified protocol fails the TVF task.

V. CONCLUSIONS

In this paper, distributed TVF control problem is considered
for a class of uncertain MASs with matching unknown nonlinear-
ities. According to different perspectives of the dynamic cou-
pling strengths in the network, node- and edge-based controllers

Fig. 8.
right) and B;; (lower left), and component-wise values of W; —W; (lower
right), i € Zg, j € N,
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Fig. 9. The global formation error with (left) and without (right) NN com-
pensation term in (25).

are proposed, where in both controllers, NNs are embedded to
identify and compensate the uncertainties online. With the help
of Barbalat’s lemma, both controllers are proved to drive the
agents convergence to the TVF asymptotically. The protocols
can also handle unknown matching bounded disturbances in the
agent dynamics. Moreover, the node-based design is fully-
distributed, and the edge-based one is applicable for TVF on
switching graphs. For future studies, it’s interesting to optimize
the edge-based design to be a fully-distributed one and extend
the results for MASs with directed communication topologies.
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