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1 | INTRODUCTION

| Qi Li' | Kil To Chong? | Jinde Cao®

Abstract

This paper studies a distributed average tracking problem for a class of net-
worked agents subject to heterogeneous unknown nonlinearities. The object is
to design distributed protocols so as to drive these dynamic agents cooperatively
tracking the average of multiple unknown signals. First, an initialize-free robust
algorithm is designed for each agent incorporating a local filter, a neural network
(NN) compensator, and state-dependent coupling gains with its neighbors. Here
the filter is crucial for seeking the average of multiple references signals and is
necessary due to the existence of uncertainties in the agents’ dynamics. Then,
by using adaption schemes, the algorithm is extended to a dynamic version
releasing the requirement of certain global information such as the eigenvalues
of the network Laplacian and the NN approximation errors. Both algorithms
are rigorously proved to guarantee asymptotical average tracking with the help
of well-designed Lyapunov candidates. Finally, two illustrative examples are
provided to validate the theoretical results.
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Beyond the above scopes, the distributed average track-
ing (DAT) problem [11-17] has been a topic of interest

Distributed cooperative control of networked multiple
agents (also known as multi-agent systems, MASs) has
aroused much research enthusiasm for scientists as well as
engineers recently, due to its vast applications including,
but not limited to, mobile robots, wireless networks, and
smart grid, see [1-3] for surveys. According to the target of
distributed control in specific applications, self-organized
consensus control [4,5], leader-following tracking control
[6-8], and multi-leader containment problems [9,10] con-
stitute significantly to existing research.

© 2020 Chinese Automatic Control Society and John Wiley & Sons Australia, Ltd

recently. It intends to design a distributed protocol for mul-
tiple agents to have their physical states cooperatively track
the average of local available time-varying reference sig-
nals. The problem arises from some practical requirements
such as formation control [18] and distributed optimiza-
tion [19]. Among these works, [12] considers the DAT
algorithms for Euler-Lagrange systems, where bounded
errors can be achieved for reference signals with bounded
derivatives. [13] concerns double-integrator MASs, where
it is proved that DAT can be realized with reduced require-
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ment on velocity measurements. For external signals gen-
erated by linear systems, [14] proposes a class of DAT algo-
rithms in an edge-based framework, where continuous
approximations for signum functions are used to reduce
chattering. [17] studies the DAT problem for second-order
agents with heterogeneous unknown nonlinear dynamics,
where local filter and state-dependent gains are used to
compensate the nonlinear terms by assuming that some
Lipschitz-like conditions are satisfied.

When considering the relationships of the DAT problem
with other technical issues in distributed systems, it can
be easily understood as one of the extensions of the con-
sensus as well as the tracking problem [4-8]. Besides, it is
indeed a special class of containment problems [9,10,20]
with the same number of the leaders (external signals) as
that of the followers (physical agents), one-and-one com-
munication between leaders and followers, and the final
consensus state among the followers being the average of
the states of the leaders. Moreover, noting that the design
of DAT algorithms depends on specific agent dynamics,
the DAT problem is also a variation of the dynamic average
consensus (DAC) problem [21-23], which can be treated as
the DAT for integrator agents and is undoubtedly another
important basis research field of the DAT problem.

In the field of nonlinear control, neural network (NN)
based methods have shown great efficiency, portabil-
ity, and robustness in various applications, especially
when the system suffers from unknown nonlinearities
[24-32]. In [24-27], the tracking problems in the pres-
ence of unknown nonlinearities are studied for integra-
tor, second-order integrator, higher-order integrator, and
higher-order affine nonlinear MASs, respectively, incor-
porating NN controllers. The authors of [28] consider
the tracking problem for a more general linear system
with matching unknown nonlinearities, and also focus on
the applications of NN in the formation maneuvering of
marine vehicles in [29]. The consensus control for a class
of nonlinear time delay MASs is considered in [30], where
the approximation character of radial basis function neu-
ral networks (RBFNNs) is used to neutralize the unknown
nonlinearities in the agents. In the next, [31] extends
the idea to the observer based tracking problem with a
high-dimensional leader, where the followers suffer from
unknown nonlinear dynamics as well as time-varying
delays. It should be stated that all the consensus (tracking)
errors in the above literature are proved to be uniformly
ultimately bounded (UUB). Recently, by introducing novel
pseudo ideal weight matrices for NN controllers, [32] stud-
ies the neuro-adaptive containment problem for uncertain
MASs, where asymptotic containment errors are theoreti-
cally guaranteed by Barbalat's lemma. Nevertheless, there
are few concerns about NN based DAT algorithms for

agents with unknown dynamics, thus to fill this gap is one
main motivation of this work.

In this paper, the DAT problem for a class of linear MASs
with matching unknown nonlinearities is studied, where
the time-varying external signals have bounded inputs.
The main challenge lies in that one must guarantee the
consensus in the presence of completely unknown dynam-
ics and the final consensus state being the average of the
references signals at the same time, which can not be
reached by simply designing the consensus controller as
that in [4] or [24]. Besides, due to the particularities of
the DAT problem as discussed before, general contain-
ment protocols in [9,10] can not be directly applied either.
Despite all these difficulties, the paper firstly designs a
DAT protocol consisting of a local filter, a neural net-
work estimator, and a class of symmetric coupling weights.
The protocol is then combined with adaptive methods to
release the dependence of certain parameters on some
global algebraic information including the smallest eigen-
value of the communication Laplacian. Both protocols
guarantee the asymptotic stability of the DAT errors by
leveraging the notion of pseudo converge matrices for NN
estimators [32], while only UUB residual errors are real-
ized in classical NN-based methods in [24-30]. Compared
with recent works [14,16-18], the main contribution of this
paper is that the dynamics of the agents are more general
heterogenous nonlinear systems without Lipschitz-like
conditions. In this context, the NN-based DAT algorithms
are well developed and numerically testified.

The remainder of this paper is organized as follows. In
Section 2, some preliminaries and problem formulation
are presented. In Sections 3 and 4, two protocols for DAT
are designed and analyzed in detail, which constitute the
main results of the paper. In Section 5, two illustrative
examples are provided. Section 6 finally concludes and
outlines some potential topics for future research.

2 | PRELIMINARIES AND
PROBLEM FORMULATION

2.1 | Notations and graph theory

Let R, R", R™P denote the sets of real scalars,
n-dimensional real vectors, n X p real matrices, respec-
tively. Let 1,, (resp. 0,)) denote the vector of n ones (resp.
zeros) and I, (resp. O,,) denote the nxn identity (resp. zero)
matrix, where the subscripts will be omitted when clear
from the context. For a vector x = (xi, ... ,x,)! € R",

n
Iell = VXTx, llxlly = ) xil and [|x]le = maxie(y, .. mylxil
i=1
denote, respectively, the standard Euclidean norm,
1-norm and oo-norm. For a square matrix A, tr(A)
denotes its trace and A > 0 (resp. A > 0) means that

A is positive definite (resp. semi-definite). We denote by
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[|Bl|r = 4/tr(BTB) the Frobenius norm of a matrix B which
is not necessarily square. For local variables x;,x,, ..., Xy,
col(x, ... ,xy) = (I, ... ,x))T denotes the aggregated
one. In this paper, diag(-) is the diagonal operator, sgn(-)
is the component-wise signum function and ® represents
the Kronecker product.

Next, some basic concepts in graph theory are reviewed.
An undirected graph G is specified by a node set V and an
edge set £ C VY X V, where an undirected edge between
node pair i, j € V is denoted by (i,j). An undirected path
on from vertex v; to vs corresponds to a sequence of ordered
edges (Vp,Vp1+1),p = 1,2, ..., s—1. Gis said to be connected
if there exists a path between each pair of distinct nodes.
The degree matrix D contains the degree of each node on
its diagonal. The adjacency matrix A = (a;;) € RVXVI of
G is defined by a symmetric {0, 1}-matrix, such thata; = 1
if and only if (i, j) € £. The incidence matrix E = (Ey) €
RIVIXIEl of ¢ (with a specific orientation) is defined by a
{0, +1}-matrix, such that Ej, = 1 if the vertex i is the head
of the edge k, —1 if i is the tail of k, and 0 otherwise. The
Laplacian matrix £ of G is defined by £L = D— A. Then one
has £ = EE". In this paper, G is regarded as a simple graph
where multiple edges and self-loops are not permitted.

For a connected graph with N nodes, £ has a simple
eigenvalue 4; = 0 with 1y as a corresponding right eigen-
vector, and the rest of the eigenvalues have positive real
parts. Define R € RN*W=D guch that

L]_T 1 1 L:lT
VW N[ | —1y,R| = |—=1x.R| | VWW.N | =Iy.
l R [yN NV B I
ey
Then R’R = Iy_; and RRT = =, here & = Iy — %uT,

and
0 < AIn-1 < RTLR < AnIN-y 2

where A, and Ay are the smallest non-zero eigenvalue and
maximum eigenvalue of £, respectively. Moreover, one has
the equalities CE=EL = L, £ = T and EE=E.

2.2 |

Consider a class of network systems comprising N agents
described by

Problem statement

Xi = Ax; + B(fi(x) + u;) (3)

where x; € R", u; € R™ are the state and control input
of agent i, respectively. A, B are known matrices with com-
patible dimensions such that (A, B) is stabilizable. f;(x;) :
R" — R™ is the unknown nonlinear dynamics of agent i.
Note the agents are actually heterogeneous as f;(-) maybe
different from one to another. Standard assumptions for
the existence of unique solutions are made.

Suppose that each agent i in the above network has
access to a time-varying input signal which is generated by

i‘i = A}"l' + Bgi, (4)
where g; is a function of ¢, which can be viewed as the
time-varying external input of signal r;.

The objectives concerned in this article are to design dis-
tributed controllers for agents in (3), so as to drive them to
seek the average of their accessing external signals in (4),

N
that is, lim el — = D1l =0,¥i=1, ... ,N.
j=1

Remark 1. The above description formulates the DAT
problem. Note that the MAS model in (3) is quite
general, which covers a first-order nonlinear one in
[24], second-order nonlinear ones in [25] and [17], a
higher-order nonlinear one in [26], when (A, B) are
chosen properly, and linear time invariant ones when
fix) = 0. As in [33,34], the system matrices of the
agents and external signals remain the same in this
paper, and more general cases with different ones will
be our future concerns.

Assumption 1. The communication topology among
N agents G(V, &, A) is undirected and connected.

Assumption 2. The external signal 7; and the func-
tion g; are known to be bounded, that is, ||ri|lcc < Frm
and [|g;lleo < gpp» With s, gy > 0.

In the following, some useful lemmas are presented for
the convenience of analysis.

Lemma 1 ([17]). Under Assumption 1, for any vector
x € RY, one has xTCETsgn(E™x) > A,xTETsgn(ETx),
where I is a diagonal positive definite matrix.

Lemma 2 ([35], Barbalat lemma). Let h Rt —
R be a uniformly continuous function. Suppose that
lim;_ o /o[ h(z)dr exists and is finite, then h(t) — 0 as
- oo.

Before moving on, the following discussion is necessary.

2.3 | Approximation of f;(-) using NN

A neural network is used to approximate the unknown
fi(x;) of agent i. Let f;(x;) be smooth on a compact set Q, C
R", assume that there exist an ideal weight matrix so that

fite) = W'Six) + & Vx; € O (3

with W; € R the ideal weight matrix and S;(x;) : R™
R" a vector collection of the activation functions in the
hidden layer including  neurons. ¢; is the approximation
error satisfying ||e;|| < e with arbitrarily pre-designed
error bound e;y > 0 as long as h is chosen large enough,
which can be guaranteed by Stone-Weierstrass approxima-
tion theorem [36].
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The estimate of f;(x;) is denoted by
i) = W 081, 6)
where W(t) is the time-varying weight matrix to get close
to W; and will be designed later. Note that in practice,
one can reach neither the ideal NN weight nor the zero

functional approximation error [27].
Define x = col(xy, ...,xn), fix) = col(f;(x1), ..., fyCen)),

W= diagWi, ... Wa), S0 = col(Si(n), ... Sxan)).

€ = col(ey, ...,en), f(x) = col(fi(x1), ... ,fnCxn), W =

diag(Wy, ... ,Wy), Then, (5) and (6) can be written as
fo) =WTS() +e, (7)
Fe) = WT(S(). (®)

Furthermore, one has

llello < en, C))

for some threshold ), > 0. Define W = W — W the diag-
onal matrix with elements W; = W; — W; being the NN
weight approximation errors.

Some standard assumptions are presented below for the
convenience of analysis.

Assumption 3. [24-27,37]

« Unknown ideal NN weight matrix W; is bounded
Vi, so that ||W]|p < Wy.

« NN activation functions S; are bounded Vi, so that
IS)|F < Sm.

3 | DISTRIBUTED AVERAGE
TRACKING PROTOCOL

In this section, an overall design process is presented and
proved to solve the DAT problem.
Consider the following distributed protocol for agent i:

u; =K(x; — r;) + esgn(K(x; — pi))

+ Y cysenK(pi - p)) — W Sitx) (10)
JEN;
where
Di =Zi+1;
& =Az+BKPi-r)+ Y, cysgnKpi—p)), D
JEN
¢ = a(llrille + IIr;lleo) + B (12)
and

Wi =t[Si()(x — p)'P'B = o(W: = Wy)] )

W =mi6(W; — W)).
Here p; is a distributed filter and z; is an internal state,
¢;j are time-varying coupling strengths, W; is a pseudo
ideal NN weight matrix. K is a feedback gain matrix,

c,a, B, ti, 0, m; are positive scalars and P > 0 is a positive
definite matrix. These parameters will be designed later.

Remark 2. Here the positive scalar ¢ represents the
coupling strength between physical agents and their
local filters, ¢; with parameters « and f describing the
local coupling strength between filters p; and p;, and
is proportional to the scales of r; and r;. Note that c;
admits certain symmetric property, that is, ¢; = ¢,
which is commonly used in related literature [38,39].
Moreover, it should be mentioned that the design of the
protocol is partly inspired by [34] and [32].

Algorithm 1. 1. Let 6 > 0, solve the following
linear matrix inequality (LMI):

AP+ PAT —2BBT + 9P <0 (14)

to obtain a matrix P > 0;
2. SetK = —BTP1; .
1B”P I, 8y
3. Choose ¢ > gy + ey, > —0 > s
2 2
7;, i, 0 > 0, respectively.

Now we are at the position to give our first theorem.

Theorem 1. Under Assumptions 1,2, and 3, the DAT
problem can be solved if, for each agent i, designing pro-
tocol (10) and parameters following Algorithm 1. More-
over, each estimated NN weight matrix 2% converges to
the corresponding pesudo ideal weight matrix W;.

nwae - [8)] -

Proof. Let X; = BN

14T
<l \/gTN ®I, | (p—1n®p*), where p* = %Zf’ﬂpj.

Denote X = col(X;, ... ,Xn), p =col(p;, ...,py), ¥ =
col(ry, ..., 7n), 8§ = col(gy, ..., 8y). M. = diag(c;;(t)) €
RI€XI€1 where the coupling weight for each (i, j) € €
is recorded only once following the order of column
indices in E, which is available since c;(t) = c;i(t)
from (12).

From (3), (4), (5), and the protocols (10), one can
obtain that

X =(Iy ® (A + BK))% + c(Iy ® B)sgn((Iy ® K)%)
~UN®BWTS(x)+g—¢)
(15)
and
f. 1 =0
&y =(In-1 ® (A + BK))&y:
- (RT®BK)r + (R @ B)g
+ (RTEM. ® B)sgn((E'R ® K)&:n).

(16)

Besides, itis clear that £, = 0, which indicates &; = 0.
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Consider the following Lyapunov function candi-
date:

Vi=Vit VetV (17)
where
V, =xT(Iy ® P"Hx
Ve =& y\(R'LR® P& (18)
Vo =tt(W e ' W) + tr(W' 2~ W).

Here P > 0 is a solution of LMI (14), R is defined

in (1)~T = diag(zy, ..., 7TN), W = dlag(Wl, ,WN)
with W; = W, — W; and 7 = diag(xy, ..., 7N).
Firstly, from (15), one has
Ve =2xT(Iy @ P"H)%
=%"(In ® (P"Y(A + BK) + (A + BK)'P~1))% 19)

+2cx" (Iy ® P7'B)sgn((Iy ® K)%)
—2xT(Iy @ PT'BY(WTS(x) + g — e).

Substitute K in Algorithm (1) into the above, one has

V=TT ® P"H(I ® (AP + PAT — 2BB"))}I ® P )%
—2cxT(I @ P'B)sgn((I ® BTP™V)%)
—2xTA @ P'BY(WTS(x) + g —¢)

N
<-0x"d @ %~ 2 clB'P %)
i=1
— 25T @ P'BY(WTS(x) +g —¢)
N
<-0xTT @ P Hx — 202 IB"P~ %1
i=1
- 2571 @ P'BY(WTS(x))
+2(/Iglle + llelle) I ® BTPHxI4

(20)
where LMI (14) is used here to get the second inequal-

ity and Holder inequality is used to get the last one.
Note the fact that x"sgn(x) = ||x||, for an arbitrary real

column vector x. It then follows Assumption 2 and (9)
that

Ve <—05"(Iy ® PHx — 25" (Iy ® P'BY(W'S(x))

N
=2 (= (gl + llelm) 1B P~

i=1

(21)
Then, from (16), one has

Ve =261 \(RTLR® PHE,
=¢T (RTLR ® (P71 (A + BK)
+(A+BK) PN (22)
—2¢7 \(RTL @ P'BK)r +2¢7 (RTL ® P'B)g
+2&] W (RTLEM, ® P'B)sgn((E"R ® K)&y.n).

Similarly, one has
Ve<—0&T (RTLR® P V)
+2& (R'L QP 'BB"P)r
+2¢] ((RTL ® PT'B)g
~2¢ J(RTLEM. ® P7'B)sgn((E"R ® BTP™)&,.n)
< —-0&] JRTLR® P e N

N
+2)" Y 1B P il 1B"P7 (i — )l
=1 jen;

N
+2)° D llgilleIB"P (@i = @)l
=1 jeN,
~242¢" (EM. ® P~ B)sgn((E" ® B'P™")p)
(23)
where LMI (14) is again used to get the first inequality,
and Holder inequality and Lemma 1 are used to get the

last one. Here ¢ = col(¢y, ..., pn) = (RQI,)E,. N Note
that

20" (EM. ® P"'B)sgn((E" ® B'P™)g)
N
_ (24)
=2 lIB"P (@i - ol
=1 jeN,
then it follows (12), (23), (24), and Assumption 2 that
Ve <—0&] (RTLRQ P Hén

N
+2)° Y IB P il IB"P (@i — )1y

i=1 jej\/'l.
N
+2)° ) glIB"P(9i - 9l
=1 jeN;
N (25)
- 2/122 Z ¢ IIB"P~ (@i — @)l
=1 jeN,
< - 08 RTLR® P )&y
N
=23 ) ((@h = IB"P I lIrilleo
=1 jeN,
+(BA2 — gu)) IIB"P~ (@i — )1
Moreover, given (13), one can obtain that
. 1 = :
Vi =2 tr( WTW ) +2 tr(—W )
w Z Z p :
N
=22tr(WiTSi(xi)fciT P 'B)
i=1
N (26)
— 20 Y (Wi — W) (Wi — W)

i=1

N
<2 ) tr(W] Si(x)x] P~'B).

i=1
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Finally, it follows (21), (25), (26), and the parameters
chosen from 3) in Algorithm (1), one has

Vi <-0xT(Iy ® P Yz — 28 (Iy ® PBY(WTS(x))
-0l ((RTLRQ PHén

N
+2) (W Six)% P~ B)
i=1
<-0E" Iy @ P X+ &) y(R'LR® P )&:N)
_ _ oreT £T IN® p1 (0] X
- H[X 752:]\]] [ O RT£R®P—1 52:N
2 _pefde<0
(27)
where the fact that tr(XY) = tr(YX) for any compatible
matrices X, Y is used to get the second inequality.
Itisclear that® > 0,s0 V(t)is nonincreasing, which
guarantees that all the signals X, &,.y, W; and W; in V1 (t)
are bounded. Since V1(f) < V3(0) and is nonincreas-
ing, it thus has a finite limit V* as t — co. Integrate
both sides of (27), one has

+oo
/ e’ (H)De(t)dt < V1(0) — V. (28)
0

Under (15), (16), and Assumptions 2 and 3, é
is also uniformly bounded, then fe"®e is uni-
formly continuous. By utilizing Lemma 2, one
has lim,..0e’(t)®e(t) = 0, which guarantees
lim;_ . |le()|]| = 0 as @ > 0, that is, lim,_, . [|X(¢)|| = O
and lim;o||&2:n(D| = 0, then lim,o[|E(B)|| = O.
From the definitions of X and &, one has

lim b~ pill =0, lim [pi—p*ll =0.  (29)

Then we prove the solvability of the protocol for DAT
by showing

N
. . 1 _
lim [|p —ﬁgnll =0 (30)

with an exponential decaying rate. In fact, denote
N

(@) =p*— ]%] Zri, then it follows from (4) and (11) that
i=1

¢ =(A+BK), (31)

with K designed in Algorithm 1, A + BK is Hurwitz.
Finally, it follows (29), (30), and triangle inequality
that

N
. 1
lim [lx; — ﬁ;nu =0, (32)

that is, the DAT problem is solved.
Besides, denote W¢ = W; — W, then it follows (13)
that

e

Wi = —o(ni + m)W! + 1:Si(x)X] P~'B. (33)

Since lim,_ « ||%;]| = 0, S;(x;) is uniformly bounded,
o, 7; and x; are given positive constants, then the
asymptotic gain property holds for (33) [40], which
indicates that Wie is input to state stable. One then
has limt_,wIIWfIIF = 0, that is, lim;W; = W;. This
completes the proof. O

Remark 3. 1t should be mentioned that the controller
(10) is also robust to the agents exposed into match-
ing bounded disturbances as in [28,32], which can
be shown by similar steps in the proofs with a few
modifications. We omit the details for brevity.

Remark 4. Note that the pseudo ideal matrices
server as satisfactory replacements for the ideal ones,
enabling us to drive the consensus error vector to zero
asymptotically. Moreover, the results in this paper are
semi-global as we assume the existence of ideal weight
matrices for f; on a compact set .. As in [27,41,42],
the area of ©, can be arbitrarily large since it has no
influence on the controller, and the results will be
global if Q = R".

Remark 5. As a matter of fact, the existence of signum
function reflect the discontinuous properties of the
dynamics in (15) and (16). Therefore, the stability anal-
ysis should be performed in contents of differential
inclusions and nonsmooth theory. Since the signum
function is measurable and essentially bounded, the
solutions for (15) and (16) always exist in the sense of
Filippov [43]. Note that the Lyapunov candidate (17) is
continuous differentiable and its set-valued Lie deriva-
tive is a singleton at the discontinuous point, the proof
still holds. More details can be found in [32,33,38] and
the references therein. In this paper, we do not use
differential inclusions in the proofs to avoid symbol
redundancy.

4 | DYNAMIC PROTOCOL THAT
RELEASES THE PARAMETERS

In the last section, the designed protocol can be executed
by each agent in a distributed way. Nevertheless, the cou-
pling parameters ¢, « and # in Algorithm 1 depend on some
global information, such as 45, g,, as well as e). To further
eliminate these limitations, the following dynamic-gain
protocol is considered for each agent i:

u; =K(x; — r;) + ¢isgn(K(x; — py))

+ Y eysgn(Kp: — py) — WISix). (34)
JEN;



x4 | \WILEY

YUE ET AL.

Di =z +71;

& =Azi +BK(pi—r)+ ), cysgnK(pi—p)), )
JEN;

¢ =xi||[K(x; — p)lh

(36)
¢ij =aij(|IFilleo + 17 lleo) + Bijs
(.I'ij =pij(I1illeo + 1175 llc) 1K (@i — @)1 37)
Bi; =vij|IK(@i — @p)ll1,
Wi =zi[Si(x)x — p)"P™'B — o(W; — W))] (38)

Wi =mo(W; - Wy),

where ¢ = col(@y, ..., oN) = (£ Q@ I,)p.
The following theorem concludes this distributed strat-

egy for the DAT problem.

Theorem 2. Under Assumptions 1,2, and 3, the DAT
problem can be solved if, for each agent i, designing pro-
tocol (34) with K = —BTP~! and parameters k;, Hijs Vij >
0, here P is a solution of LMI (14). Moreover, each esti-
mated NN weight matrix W; converges to the correspond-
ing pesudo ideal weight matrix W; and each c;, a;; as well
as f;; will converge to some finite steady value.

Proof. Denote M, = diag(c;, ... ,cn), then the
dynamics of X with protocol (34) can be written as

X =(Iy ® (A + BK)X + (M, ® B)sgn((Iy ® K)%)

- 39
- Un®B(W'S(x)+g—¢) 39

and the dynamics of £ can be written in the same form
as that of (16). Note the equality c;(£) = c;(¢) still holds
under the time-varying a;; and f;;.

Consider the following Lyapunov function candi-
date:

Va=Vi+Vi+Vy (40)

where

(¢ — 0
Vi=t'(Iy® P X+ ) ———
- K
V=g \RTLR® P&y
N —\2 2\2
T — & .
Y Y (@, - @  (B=P)
i=1 jeN, Hij Vij

Vo =te(WTe W) + tr(W 2~ W).

(41)

Here P > 0 is a solution of LMI (14), ¢ > 0 will be
determined later. W;, r and x are defined as in (18).

Firstly, from (20) and ¢; in (36), one can compute that

Ve <— 0TI ® PV)x
- 2%T(M,, ® P"'B)sgn((I ® BTP™))%)
- 2TI @ PIBYWTS(x) +g—e)

N
+2) (e — OlIKCG = polly
i=1
N
<-0x"T@PHx -2 cllB P,
i=1

—2%TI ® P"'BY(WTS(x))

+ 2(lIglleo + llell o)l ® BTPHly
N
+2) (i — OlIB"P i1

i=1

(42)

Considering (9) and Assumption 2, some manipula-

tions on (42) give that

Vi <— 05T ® PHx — 2xT(I ® P'BY(WTS(x))
N
=2 @ = lglleo + llellwDIIB"P%ly
i=1

<-0xTA Q@ P Hx — 2xTI @ P 'B)Y(WTS(x))

N
=2 @~ lgll + llella)IIB" P~ %l
i=1

(43)

Then, from (25) and the definitions of ¢; in (36), &;;,

f;; in (37), one has

Vi <—0&l (RTLR® P ey

N
+2)° Y IB Pl B (@i = 0l

=1 jeN,
N
+2)° ) gullB"P(9i — 9l
=1 jeN,
N
=24 Y leyllB"P (@i — o)l
=1 jeN,

= (a; — @)(I7illoo + 17 l)IIBTP~ (@i — @)1
— By = HIB"P (@i — @))lI1]
=-0& yRTLRQ P ey

N
+2)° Y IB P il B (@i — )l

=1 jeN,
N

+2)° Y eulB"P (i - 9plh
=1 jeN,
N

=22 ) (@halinille + lIrll)
=1 jeN,

+B42) IB"P (@i — 9))ll1s

(44)
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then it follows (44), Assumption 2 and some manipu-
lations that

Ve <—0&l (RTCR® P &N

N
=23 Y (@h = IB"P ) lIrilleo (45)

=1 jeN,
+(BA2 — gw) IIB"P (@i — @)1
Moreover, note the V), in (40) remains the same as
that in (17) and the design of W; in (38) is the same as
in (13). By choosing sufficiently large ¢, @ and f§ in (40)

IB"P1|
2

such that ¢ > gy + er, @ > = f> i—M, it follows
2

(43), (45) and (26) that
V) <— 05Ty ® PHx - 28 (Iy ® PBY(WTS(x))
— 08 VRTLR® P&y
N
+2) tr(W/ Si(x)x P~'B)

i=1

2

<-0& Iy @ P T+ &, y(RTLR® P )énN)
2 _pefde<0
(46)
where e and @ are defined in (27). Then one has V,(t) is
also nonincreasing, which guarantees that all the sig-
nals x, ¢, &,.n, iy, B W;, and V:V,- in V,(t) are bounded.
Following the same procedures in the proof of
Theorem 1, one has

N
. 1
lim [Jx; - Ng}nn =0 (47)
and
lim W, =W, (48)

Since x;, M vij > 0, all ¢;, a; and B;; are designed
to be monotonically increasing, then they will all
converge to some finite steady values independently,
which can be guaranteed by their boundness. This

completes the proof. O

Remark 6. In [11], the initial internal states are
N N

required to satisfy Zzi(O) = 0 and Zzi(O) = 0. Nei-
i=1 i=1

ther of these conditions are required in protocol (34) as
well as (10). In other words, the proposed algorithms
are initialize-free.

Remark 7. Although it is theoretically proved that the
DAT errors converge to zero, a practical issue when
implementing the dynamic protocol (34) is that the
coupling gains c;, aj;, f; may increase slowly because
of measurement errors, chattering effects, or distur-
bances [33,34]. To handle this issue, one can introduce
small scalars Ty, T, > 0 and update c¢; by (36) whenever
lIxi=p;ll, > Ty and ay, B; by (37) whenever [|g—g;ll; >

T,. On the contrary of either case, one can hold the cor-
responding coupling gains. Then, as long as the DAT
errors converge into a desirable bound, the adaptive
parameters will converge to some finite values.

Remark 8. In practice, the chattering phenomena
under discontinuous protocols (10) and (34) can be
reduced if one replace function sgn(z) with nonlinear
function

Z
)= — 49
D= e @
or simply
/4
w(7) = 50
@) T (50)

where €,0 > 0. In fact, the above are continu-
ous time-varying and time-invariant approximations,
respectively, of the signum function based on the
boundary layer concept [44]. More details can be found
in [14], [34] and references therein.

FIGURE1 Communication topology among the agents

FIGURE 2 States of agents X; (solid lines) and the average of r;
(dashed line),i =1, ...,6
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5 | ILLUSTRATIVE EXAMPLES the signals are also the same and given by
g1 = sin(0.8¢)

In this section, two numerical examples are given to illus- . .
g2 = 0.5sin(0.7¢t) 4+ 0.5 sin(0.6¢)

trate the theoretical results. In both examples, the com- .

e

munication topologies among the agents are assumed the 8= a1
same and depicted in Figure 1, and the external inputs for 2 (775 )

g4 = —arctan | =¢

T 2
_
B 1ve
g6 = tanh(?),

thenallg;,i=1, ..., 6, are bounded by g;, = 1. In the sim-
ulations, the initial states 7;(0) are randomly chosen from

20 T T T

10 1

t

FIGURE 3 Component-wise values of Wie, i=1,..,6

t

FIGURE 5 States of agents x; (solid lines) and the average of r;
(dashed line),i=1, ...,6

50 0.3
300 ; ; ; ; . 0.2{/
& 0 Ny
0.1
200
-50 0
100 0 5 10 0 5 10
t t
T 0 6 7 1.5
L /
4 [7— 1
100 5 &
2L o.5f
200 0 0
0 5 10 0 5 10
300 . . . . t t
0 2 4 6 8 10

FIGURE 6 Component-wise values of Wie (upper left), and
adaptive coupling weights ¢; (upper right), a;; (lower left) and g;;
FIGURE4 Control inputs ; in (10),i=1, ...,6 (lower right), i,j=1, ...,6
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normal distribution with standard derivation 2, and when
implementing the protocols, X;(0), z;(0) and the first-layer
weights of the NN are initialized following standard nor-
mal distribution and W;(0) = W;(0) = O. For each agentin
both examples, 30 hidden neurons with Sigmoid activation
functions are assigned to approximate its nonlinearities,
under which we could expect sufficient approximation
accuracies with bound ¢y, = 1.

Example 1. Consider the network of 6 physical agents
the dynamics of which can be described by uncertain
second order oscillators with

e[ e

400 T T

300 1

200 1

100

U;

-100
-200 1
-300 1

-400 i 1

-500 1 L L L

4 T T T

2 |
< _ _

Ot

/
S/
2 ‘ . . ‘
0 2 4 6 8 10

FIGURE 8 States of agents x; (solid lines) and the average of r;
(dashed line), i = 1, ..., 6, under (10) without the last NN term

and matching unknown nonlinear functions f;(x;) =
ixp + xl.zz.

First, to verify Theorem 1, let & = 2 and solve LMI
(14), we obtain

0.1277 —0.2066

P=1_02066 0.5409 |-

Set
K =[-7.8200, —4.8354]

and choose c = 3, = 4.5, f = 0.65, 7; = 60, z; = 6,
o = 0.6 as instructed by Algorithm 1. Then all condi-
tions of Theorem 1 are satisfied. After implementing
protocol (10), the states of all individuals are visual-
ized in Figure 2, the component-wise values of pseudo
converge errors Wf are provided in Figure 3, and the
control inputs are shown in Figure 4. It can be seen

-5 : .
0 1 2 3 4 5 6
t
10 T T T T
< 0%/\ ~ ~—
~N
-10 ! '
0 1 2 3 4 5 6
t
10
2 o - S —
10 ‘ . . . s
0 1 2 3 4 5 6

FIGURE 9 States of agents X; (solid lines) and the average of r;
(dashed line),i =1, ...,6

25 T T T T

201

15

10

e
i

W
[6;]

o
T—

FIGURE 10 Component-wise values of Wie, i=1,...,6
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that all agents indeed track the average of the reference
signals.

Then, to verify Theorem 2, dynamic protocol (34) is
implemented for the network system with the same
initial conditions and NN parameters as above and
ki = p; = vij = 0.1. Considering Remark 7, choose
T, = T, = 0.6. Then the states of all agents are pro-
vided in Figure 5, which shows the distributed average
tracking is realized. The component-wise values of Wle
and dynamical coupling weights ¢;, @, f; are shown
in Figure 6, where all the dynamical coupling weights
converge to some steady values after about 3 seconds.
Finally the control inputs are provided in Figure 7.

In order to highlight the necessity of the incorpora-
tion of NN, we turn off the NN approximation term
WiTSl- (%) in scheme (10) and leaving only the first three
feedback terms, which is analogous to the controller
studied in [34]. Then the evolutions of the agents are
shown in Figure 8. Clearly, this simplified strategy fails
to solve the DAT problem.

Example 2. Consider the network of 6 physical agents
the dynamics of which can be described by the lin-
earized model of the longitudinal dynamics of an air-
craft [45] with
-0.277 1 —0.0002 0
A= -171 -0.178 =122 |, B= 0
0 0 —6.67 6.67

and matching unknown nonlinear functions f;(x;) =
ix;1 + XpX;3. In this example, continuous schemes dis-
cussed in Remark 8 are used to solve the problem to
reduce chattering phenomena. When approximating
the signum functions, we use (49) with ¢ = 1, and
0 =0.1.

200 T T

150

100

50

-100

-150

-200 L L I L I
0 1

FIGURE 11 Control inputs u; in continuous counterpart of (10),
i=1,...,6

Firstly, to verify Theorem 1, let # = 2 and solve LMI
(14), one can obtain

1.0117 -1.4971 —0.0521
P=]-14971 21.7860 5.6108
—0.0521 5.6108 2.8395

Set
K =11.9236,1.4825, —5.2431]

and choose ¢ = 3, a = 3, f = 0.65, 7; = 300, z; = 100,
o = 0.6 following Algorithm 1. Then all conditions
of Theorem 1 are satisfied. After implementing con-
tinuous counterpart of protocol (10), the states of the
agents are visualized in Figure 9, the component-wise
values of pseudo converge errors Wie are provided in

< 0 %\\__',—:’//‘ ~—— —
5 . . . . .
0 1 2 3 4 5 6
10 T T T T
o N - - —
- 0 M\\ TN N -
x = \\/ ~— —
-10 s . . . .
0 1 2 3 4 5 6
t
10 T T T T T
® LA;,_ R i -
o g -— — —
x
V
_10 L 1 1 1 1
0 1 2 3 4 5 6

t

FIGURE 12 States of agents x; (solid lines) and the average of r;
(dashed line),i =1, ...,6

40

FIGURE 13 Component-wise values of Wie (upper left), and
adaptive coupling weights ¢; (upper right), a;; (lower left) and f;;
(lower right),i,j=1, ...,6
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Figure 10 and the continuous control inputs are shown
in Figure 11.

Secondly, to verify Theorem 2, continuous counter-
part of dynamic protocol (34) is implemented for the
network system with the same initial conditions and
NN parameters as above and k; = p;; = v = 0.1 and
T, = T, = 0.6. Then the states of all agents are pro-
vided in Figure 12. The component-wise values of Wie
and dynamical coupling weights ¢;, ayj, f;; are shown in
Figure 13, and finally Figure 14 shows the continuous
control inputs.

It can be seen that both the simulation examples
validate the theoretical results.

6 | CONCLUSION

In this paper, a DAT problem for a class of uncertain agents
is considered, where the dynamics of the agents contain
matching unknown nonlinearities, and the dynamics of
the external signals are also unknown. Under some mild
assumptions, a robust scheme is designed for the network,
where, for each agent, a local filter to be communicated is
designed to estimate the average of external signals, and
a neural network is embedded to approximate its inher-
ent unknown nonlinear term. State-dependent coupling
weights are designed for each communication channel.
Adaption parameters are further used to eliminate the
dependence of the design procedure to global informa-
tion like the algebraic connectivity of the communication
topology, the NN approximation error, and the external
signals. Two numerical examples are given to verify the
theoretical results. Future works along the same line will
focus on the design and analysis of finite-time protocols

300 T

200 1

100 | J

U;
o

{ ‘(:;ri-fffff—4::::;=fiffsﬁ'Ji::;==f:::;7 |

-100 | 1

-200 - 1

-300 1 1 1 L I
0 1

FIGURE 14 Control inputs u; in continuous counterpart of (34),
i=1,...,6

and the extensions to networks with directed communica-
tion topologies.
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